ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 1

Differential Equations (Math 285)

H1 We have considered the ODE ¢y = —x/y as an example in the lecture. Actually
there are four ODE’s, viz. ¥ = +x/y and y = +y/z, which look very similar.
Draw direction fields for the other three ODE’s and determine their solutions in
both implicit and explicit form (if possible).

H2 Determine all points (Zg,40) € R? such that there is a unique solution on [ty, 00) of
the IVP v/ = \/|yl, y(to) = yo (“the value at time ¢, determines the values at all
future times t > ¢y”).

H3 Let t9,y0,y1 € R. Show that the IVP

iz

v ' =—-y, ylto) =vo, ¥'(to) = w1

has a unique solution.

H4 For each of the following ODE’s, determine at least one nonzero solution by using
the “Ansatz” y(x) = ae®® or y(z) = baP.

a) y' =y

b) y" — 5y + 6y = 0;

c) y' — by + 6y =e%;

d) ¥ =5y +529=0;

e) 2z +1)y" + (4o —2)y’ — 8y = 0;

f) 22(1 —2)y" + 22(2 — 2)y + 2(1 + =)y = 0.

H5 Do two of the three exercises on the pendulum equation in [BDM17], Ch. 1.3
(Exercises 23-25 in the 11th global edition).

H6 Optional Ezercise

Solve the functional differential equation f’ = f~!, where f~! denotes the com-
positional inverse of f; i.e., f: I — I (I C R an interval) should be bijective,
differentiable, and satisfy f’'(f(z)) = f(f/(z)) =z for all z € I.

Due on Thu Jan 25, 9am

The optional exercise can be handed in until Thu Feb 29, 9 am.

Instructions For your homework it is best to maintain 2 notebooks, which are handed in on alternate
Fridays. You may also use A4 sheets, provided they are firmly stapled together.

Don’t forget to write your name (English and Chinese) and your student ID on the first page.

Homework is handed in on Thursdays before the informal discussion session starts (late homework won’t

be accepted!) and will be returned on the next Thursday.
Answers to exercises must be justified; it is not sufficient to state only the final result of a computation.
Answers must be written in English.

For a full homework score it is sufficient to solve ca. 80 % of the mandatory homework exercises. Optional
exercises contribute to the homework score, but they are usually more difficult and you should work on

them only if you have sufficient spare time.



Solutions (prepared by TA’s and TH)
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C (implicit form), y(z) =

o

= 0.) That all solutions have been
y + xy’ = 0, which implies zy

which implies y/x = C'is a constant.

V/|y| form the 2-parameter family

Y

C € R, with domains (—o0,0), (0, 00).

if c; <t < ey,

(For C' = 0 the solutions, viz. y(z)

CJx,

Cz, C € R, with domains (—00,0), (0, 00). Again

z)

(
—1t—a)? ift<c,

(xy' —y)/x*> =0

if C <0.

)

o0

10

)

Figure 1: Direction field of /' = z/y

-15

-20

+va? + C (explicit form). Explicit solutions have domain R if C' > 0 and domains
the exclusion of x = 0 is artificial and due to the special form of the ODE. (It would
be included if we rewrite the ODE as zy’ — y

formally are not defined at 0, since the domain of iy = z/y excludes the z-axis.)

C € R. Replacing C' by C/2 turns this into y? — z*
That these are all solutions follows from (xy)’

found, follows from (y/x)’
is a constant.

(~50.v/=C). (V=C

2 As discussed in the lecture, the solutions of ¢’

(B) ¢ = y/x: The solutions are y(x)
(C) y = —y/x: The solutions are y



Dirgction Field of ODE dyfdx=yix
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by A B1 = PBa,

form some ¢; > tg

)2

0.
0 for t > ty and ys(t) =

y(t + to) solves the IVP

y(to) > 0.
(t—co)? with ¢y determined

Yo, 1€, to — c2 = 2/yo and ¢ = 1o — 2,/y,. (Note that ¢, must be

(t—Cl

(determined as in the case yo > 0), and hence y(c1) = 0. Thus we are back in the previous

case and the solution is not unique.

622, (For this we use that

biz® = bz holds for all z in an intervall of positive length iff b

provided that both by, by, are nonzero.

1
4

1

— T

10

since y;(t)

—00, Cy

is determined for all ¢t > ¢

Yo cost + y; sint. Hence

b3(B — 1)xP~2 = b2z

solves the given IVP then z(t)
y1. From Example 10 in the lecture we know that the unique

=10

Figure 2: Direction field of ¢/ = y/x

)

y(t) = z(t — to) = yo cos(t — to) + y1 sin(t — tg)

=15

Yo, Z/(O)

=&

ba? =y ()
The only nonzero solution is f = —2, b = 6, i.e., y(x)

)

0 then y(t) is not uniquely determined,

(t —to)? for t >ty are two different solutions.
If yo < 0, then near ty the solution has the form y(t)

If yo > 0 then near ¢, the solution must have the form y(t) =

Claim: Solutions are uniquely determined for all ¢t > ¢t iff
from i(to — ¢9)?

One or both of ¢, ¢ may be infinite (¢;
smaller than ¢y in this case.) Thus y(t)

If yo
1

4
3 If y(t) (with domain R

2= —2z 2(0

solution of this IVP is z(t)
is unique as well.

4 a) y(z)
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V& are two

a1x + as\/T, ay,as, € R are solutions.

1
)x'B_2:O

linear combination
2

ie., a € {2,3}. For

3
_§ﬁ+

Y

=1 for a, i.e., a =1/2.

x, ya(x)

15

e?*® aren’t scalar multiples

(#
}. Thus y(z)

e3”. Every

ay €% + ay €%, ay,a, € R, is then a solution as well.
= 2a

10

L
212

1

62m7 Y2 (I’)
2

(a® = 5a + 6)ae™® = ¢”.
This can be done: Set @ = 1 and solve (o — 5a + 6)a

A solution is therefore y(z) = 1 e
e, 08 e {l,

bz? doesn’t work. For y(z) = ae™® we see from b) that

1
29

10
Figure 3: Direction field of y/ = —y/x
bz? doesn’t work, because in this case y” — 5y’ + 6y involves 2,

2871, 2972 which don’t cancel.

y' — 5y + 6y = a’ae™” — 5aae™ + 6ae®® = (a® — 5a + 6)ae™,

ae*® we obtain

which can be made zero by taking o as a root of X2 —5X + 6

The other “Ansatz” doesn’t work, because e*® and (e“*)?

of each other if o # 0.
a = 1 this gives the two solutions y;(x)

y(x)
solutions, and, more generally, y(z)

ifﬁisa,rootofXQ—%X+

we need to solve

For y(x)
d) Clearly only the 2nd Ansatz can work, and in fact it does (w.l.o.g. set b = 1):

¢) Again it is clear that y(x)

b) The Ansatz y(z)



e) Here y(z) = e works (the constant a is arbitrary and can be set to 1):
(22 + 1)a’e™ + (4o — 2)ae™ — 8™ = ((2z + 1)o® + (42 — 2)a — 8)e™ = 0.
Since e # 0, the polynomial
(27 + 1)a? + (47 — 2)a — 8 = (2° + 4a)r + o® — 20 — 8
must be zero, since it vanishes for infinitely many x, and hence
207 + 4o =a® —2a — 8 = 0.
The unique solution is o = —2, showing that y(x) = e~2* solves the given ODE.
f) Here y(z) = 2° works (the constant b is arbitrary and can be set to 1):
22 (1 —2)B(B — Va2 + 22(2 — x)B2"1 +2(1 + z)2”
= (2*(1 —2)B(B — 1) 4+ 22(2 — 2) Bz + 2(1 + x)2*)2"* = 0.
= The first factor, which is
(=0 = B+2)2° + (8 + 38+ 2)2" = —(8 = 1)(B+2)2" + (B+ 1)(5 + 2)%,

must be the zero polynomial. The unique solution is § = —2, giving the solution
y(z) = 272 of the ODE.

5 Ex. 23 (a) The relation between angular, angular velocity and linear velocity is:

do
v—wR—R%

Therefore, the kinetic energy T can be represented as:

T = %va = %rrz(]%ca9 2_ L L2d9

@) 2"
(b) The potential energy V of the pendulum can be represented as:
V =mgh = mg(L — Lcost) = mgL(1 — cosf))

(c) The total energy E can be represented as:

1 do
E=T+V = _-mL*(—)*+mgL(1 — cosf)

2 dt
Hence,
dE 1 df . d*0 do
— = —mL*(2=)— — mgL(—sinf)—
it~ "L g~ meL(zsind) G
The total energy E is invariant with time. Therefore,
dE 1, _df d*0 . db



Simplify the above equation:

d*0 g .
e + ESZTLQ =0
Ex. 24
(a) According to the definition of angular momentum, it can be represented as:
do do
M=1L =mL(R—) = mL*—
(mv) =mL(R dt) mL”—

(b) According to the principle of angular momentum conservation,

M
dd_t = —(mgsinf)L
Therefore,
dM d*0
= mL2w = —(mgsind)L
Simplify the above equation:
d*90 g .
e + Zsm@ =0

Ex. 25 (a) The free-body diagram is shown below:

Figure 4: pendulum

(b)(c) Apply Newton’s Law of motion in the direction tangential to the circular arc.

F = mgsind = ma

dv d dw d*0
a=-——= —a(wL) = —L% = _LE
Therefore,
F = mgsinf = —m(L@)
dt?
Simplify the above equation: ,
(ji_tg + %sinﬁ =0



6 Since the derivative and compositional inverse of a power function is again a power
function, the power function ,, Ansatz“ f(x) = bz” of H4 is reasonable. Since y = br” <=
x = (y/b)"/?, we obtain the condition

bBat " = /(a) = £ (@) = (a/B)"% = b0

for such a solution. This can only hold if 3 —1 = 1/8 and b3 = b=*/#. Thus S should
satisfy the quadratic equation 2 — 3 —1 = 0, ie., 8 = %‘F’, and b should satisfy
YB3 = bPB3 = 1. If B is negative, there is no real solution. For the positive root
B = %5 we obtain b = (1/8)'/# and hence the solution

—14V5

fi(z) = (Lﬁ) 220,z e0,400).

B

2

Since 5 > 1, f; is differentiable at = = 0 with f,(0) = f{(0) = 0.

There is a second solution on (—o00,0), which can be obtained using the Ansatz f(z) =
b(—x)”. Here f'(x) = —bB(—2)"", [ (2) = —(x/b)/° = —(—x/=0)"/" = —(=b) " "/*(~a)"/7,
(requiring b < 0), so that again 3> — 3 —1 =0, and (—b)’3 = —1. Now 8 = %5 must

be the negative root, and b = —(—1/3)"/8. This gives the solution

—1-V5

folz) = — (1 +2\/5> (—x)kz ,7 x € (—00,0).

According to the available literature the solution f; on [0,400) is unique, but I do not
know this for f; and also whether there are further solutions with other domains.

S




ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 2

Differential Equations (Math 285)

HT7 Solve the initial value problem %' + 4y = 8e™% + 20, y(0) = 0 and determine
Yoo = limy_,o y(¢) for the solution.

H8 Solve ¢ —2y=c¢e y(0) =1 and graph the solution for
a) ¢=2; b) ¢=2.0L.
What do you observe?

H9 The Heaviside function u: R — R is defined by

if ¢
a(t) = {0 ift <0,

1 ift>0.

of u(t), solve the initial value
problem y' 4+ 2y = b(t), y(0) = 0,
and determine y., (cf. H7). *

Express b(t) (cf. picture) in terms l|

H10 a) Write the following complex numbers in polar form:

i) V3i+1; (i) +3i-1; (iii) i— /3.

b) Determine the general solution of the following ODE’s:
(i) o +y=cos(V3t); (i) o —y=cos(V3t);
(i) ¢ — /3y = cost +sint.

c) Suppose A: I — C, t — Ay(t) +1Ax(¢) is differentiable (i.e., A; = Re A and
Ay = Im A are differentiable). Show that I — C, t — e4® is differentiable as
well, and

d
o AD = A/(1)eAW),

Hint: Start with e®) = eA1(M+142(8) — eAMi®)eidz(t) — A1) cog Ay (t)+ie ) sin Ay(t).

H11 a) Show that in the 3rd model mv’ = mg — kv? for a falling object released at
height sy the terminal velocity vy of the object at time of impact is given by

rUT: @. \/1_672]650/7”'

k

Hint: Consider the velocity as a function v(s) of the distance s traveled. Show
that y(s) = v(s)? satisfies the ODE my’ = 2mg — 2ky.

b) The limiting velocity of a falling basketball (m = 620g) has been estimated
at 20m/s. Using this data, graph vy as a function of sg. For which heights s
does the basketball reach 50 %, 90 %, and 99 % of its limiting velocity?

1 PLEASE TURN OVER



H12 a) Let f\(t) = M for A € R. Show that {f\; A € R} is linearly independent in
RE.
Hint: Suppose there exists r € Z* and distinct numbers \;, ..., A\, ¢1,...,¢ €
R such that

Mt e’ 4o p Mt =0 forall t € R. (%)

Assuming A\; < Ay < --- < A, and ¢, # 0, divide this equation by e*?* and let
t — 400 to obtain a contradiction.

b) For A € C the functions f\(t) = e™ belong to the vector space CF of all
complex-valued functions on R (with scalar multiplication by complex num-
bers). Show that {f; A € C} is linearly independent in C&.

Hint: The proof outlined in a) breaks down in the complex case. Instead
differentiate the identity in () 7 times, 0 < j < r, and set ¢t = 0.

c) Let cy(t) = cos(At), sa(t) = sin(At). Show that {cx; A € RyA > 0} U {sy; A €
R, \ > 0} is linearly independent in R®.

Due on Thu Feb 29, 9 am
Exercises H12b) and H12¢) are optional.



Solutions

7 According to the particular solution formula,

y(t) = e 4 /t(8648 +20)e** ds
— (8t — 05)6“” +5
= y(t) = Ce™ +y,(t)
=Ce ™+ (8t —5)e*+5 CeR.
Plug the initial condition y(0) = 0 into the general solution:
y(0) = Ce ™0 4 (80 —5)e ™0 +5=0

—C=0
— y(t) = (8t = 5)e ™ +5
_ Ryt _
Yoo = tlgilo (8t —5)e* +5] =5
. (It can also be seen directly that the particular solution y,(t) satisfies already y,(0) = 0.)

8 a)
.‘.C:2

- y/ — 2y “I'_ th

According to the particular solution formula,

t
yp(t> — 62t/ 6286—28 dS — t€2t
0

y(t) = te? + Cre*
Plug the initial condition y(0) = 1 into the general solution
y<0) =0 % e2>|<0 4 0162*0 =1

— Cl =1
= y(t) = (t +1)e”

e=201

- y/ — 2y + 62.01t

According to the particular solution formula,
t
yp(t) — th/ 62.0136—28 dS — 10062.01t o 10062t
0
y(t) = 100e*°" + (Cy — 100)e*

3



Plug the initial condition y(0) = 1 into the general solution
y(0) = 100e*°™ 4- (Cy — 100)e*** = 1
— (=1
— y(t) = 100e>°* — 99¢2

% 10307 The curve of y(t) when y(0)=1

17.6848

c=2
c=2.01

11.3424 7

0 50 100 150 200 250 300 350 400
t

«10° The curve of y(t) when y(0)=1

c=2

Therefore, there is no significant difference between these two functions, provided ¢ is
not too large. On the other hand, we have

1001t —99¢e* 10029 — 99
(t+1e2t  (t+1)
and the quotient grows exponentially. Hence for large t the solution of b) is signifi-
cantly larger.




9 We have b(t) = u(t — 1) —u(t — 4) for t € R (this also holds at t =1 and ¢t = 4).

y' = =2y +b(t)
0, ift<lort>4
TR
1, if1<t<4

When ¢t < 1, b(t) =0
— The equation is 3’ 4+ 2y = 0, which is homogeneous.

y(t) = 016721‘/, Cl eR

y(0)=C1#e’ =0=C, =0

cy(t) =0
When 1 <t <4, b(t) =1
= The equation is ¢’ 4+ 2y = 1, which is inhomogeneous and has y,(t)
solution.

1

= 5 as particular

1
Sy(t) = Coe™ + > C,eR

1 1
y(1) = Che ! + 5= 0= Cy = —562 (Continuity at ¢t = 1)

When t > 4, b(t) =0
— The equation is again y’ + 2y = 0.

y(t) = CgB_Zt, C3eR

1 1
y(4) = Cye™ 24 = 5(1 — 6*6) = (3 = 5(68 — 62) (Continuity at ¢ = 4)
1
(1) = 5 = e

0.8 - —tylt)
0.6

0.4
0.2

|

10 a) (i) V3i+1=+3F1etarctan(v3) — 9¢if
(11) \/gl —1=+v3+1 ei(ﬂ+arctan(—\/§)) —9 61‘2?#
(111) 7 — \/§ =+3+1 e[ﬂ+iarctan(7§)] —9 ei%"



b) (i) Complexifying this ODE leads to 2’ = —z + ¢3!, If z(t) solves the complex
ODE, y,(t) = Re z(t) will be a particular solution of ¢/ + y = cos(v/31).
Since (e'V31) = iy/3 V3t it is reasonable to guess that there exists a particular
solution of the form z(t) = C'eV3* with C' € C.

1
1443

Z(t) = Civ/3eV3 = —(CeV3) 4+ ¢V = Civ3=1-C < C =

_ 1 _Z\/g(cos (V3t) +isin (V3t))

= 2(t)

1 3
S Yp(t) = Rez(t) = 7 608 (V/3t) + % sin (v/3t)
So the general (real) solution of i + y = cos(v/31) is
1
y(t) = Cre " + 708 (V3t) + ? sin (V3t), Cy €R.

(ii) Here we have 2’ = z 4+ €?V3* and can use the same “Ansatz” as in (i).

. . . 1

Z(t) = Civ/3e™V3 = (CeV3) + V¥ = CiV3=1+C = (C= ———
—1+iV3

1+iv3
A

(cos (V/3t) + isin (V/3t))

= 2(t) = —
S Yp(t) =Rez(t) = “}1 cos (V/3t) + \/Tg sin (v/3t)
So the general solution of ¥ — y = cos(v/3 1) is
y(t) = Cie' — ;lcos (V3t) + \/Tﬁ sin (V3t), CieR.

(iii)
y’—\/gy:cost+sint<:>y’: \/§y+\/§sin (%—l—t)

Complexifying this ODE leads to 2’ = v/3 2z +v2¢ei) = /3 2+ (1 +1i)e’ and,
since we have complexified a sine, this time y,(t) = Im z(¢) will give a particular
solution of the original ODE. Using the “Ansatz” z(t) = C'e”, C' € C, we obtain

J(t)=Ciet =vV3Ce* + (1 +i)e <= Ci=V3C+1+1i
L+i _ (Q+)(v3—i) _1-v3 1+V3,

— (C = =
—\/§—|—i 4 4 4
1-v3 1+V3.\ 4
= y,(t) = Im - ile
4 4
1 _
= — +\/gcost—l—l \/gsint
4 4
2 6
o (o) (549



So the general solution of v — v/3y = cost + sint is

1 3 1—-—+v3
y(t) = Cle‘/gt — +T\/_ cost + 4\/_ sint
2 6
:Cle\/gt——\fl_cos (%—i—t) — —\Z_sin (%+t> , CieR.

c¢) Using the rules for differentiating real-valued functions (in particular, the rule % eMt) =
Al (t)e*® | which is an instance of the chain rule), we have

d

T [eAl(t) cos Ay(t)] = A} (t)e® cos Ay(t) — eV sin Ay(t) AL(t),

d

T [eAl(t) sin Ag(tﬂ = A (t)eMWsin Ay(t) + e D cos Ay(t) AY(1),
and hence

ieA(t) = (A} (t)e™ W cos Ay(t) — eV sin Ay(t) Ay(t)) +1 (4] (£)e” B sin Ay(t) + e1® cos Ay (t)AY(t))
= (A’l(t) + 1A’( ) (eM1® cos Ay(t) + 1™ sin Ay(2))

Of course, this also proves that ¢ — e® is differentiable.

11 a)
k dvds k dv o2
mv' =m V= m—— =m v? = mv — =m v
. dsar =~ "7 ds ~ "7
Assuming y(s) = v(s)?, we have jy =20

dv

By substituting this into the equation mv §2 = mg — kv?, we get

my = 2mg — 2ky

S 2%k
=y z—EynLZg

(Note added on Mar 2, 2024: Students have pointed out that the above computation is
confusing, because v" means v'(t) and not v'(s), and y’ means y'(s). We can avoid this
by writing m = mg — kv? instead of mv' = mg — kv? and m dy = 2mg — 2ky further
down. While 1t is custom in applied mathematics to use v(t) v(s) simultaneously,
you should be aware that given v(t) the second is a derived notion, actually meaning
s+ v(t(s)), where t(s) denotes the inverse function of s(t). It is “speed parametrized
with respect to arc length”, so-to-speak.)

According to the general solution formula,

y(s) = Ce m® + e_%ss/ 296%)‘ d\ = (C — @)6_%8 + mg
; 2 k
v(0) =0
y(0) = ’ ’ 0= C



Remark: The general solution of ¢y = —%y + 2g can also be obtained using the
observation that y = mg/k is a particular (constant) solution.

b) When m = 620 g,
vlzlim\/ \/1—e—msz

5§—00

:>,/ —20

Assuming that g = 10m/s?, we have 2%

— vp =201/ 1 — e %%

3
v = 50% v = \/1 — e~ 2% = 50% = sy = ~20In
(ii)
_1 19
vr = 90% v, = \/1 — e 20% = 90% = 55 = —QOIHW
(i)
vp = 99% v = \/1 — e~ 3% = 99% —> s, = —201n 199
e e 0 10000

The graph of vr(sg) = 20V 1 — e~ as a function of s, is shown below, with three
points indicating the corresponding sy for which the basketball reaches 50%, 90%, and
99% of its limiting velocity.

The curve of Vi when the limiting velocity is 20m/s(m=6209g)
30

(78.34,19.8)
(33.21,18) il
4

20 1

vT(m/s)

40 50 60 70 80 90 100
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Since we have used an approximation of ¢ with only 1 significant digit, we cannot
expect the values of sy to be more accurate. All we can say is that the basketball
reaches 50%, 90%, 99% of its limiting velocity for heights of approximately 6 m, 30 m,
80m, respectively.

a) Dividing (x) by e** and solving for ¢, gives

Y e, (1)

)\27}\7‘)74‘

Cr = —cle( — Cge(

Since \; — A\, < 0 for 1 <4 <7 —1, we have limy_, ;oo et =0 for 1 <i<r—1.
Hence the right-hand side of (1) tends to zero for t — +o00, while the left-hand side is
a non-zero constant. This obvious contradiction proves that the functions fy, A € R,
are linearly independent over R.

In the complex case \; = «; +1if; (v, 5; € R) we have

e)\it — eait-f—l(ﬂit) — eait'

Y

|e)\it

Assuming that a, > «; for 1 <4 <r—1 and ¢, # 0, we can still divide (x) by e** and
obtain a contradiction in a similar way. But, since different \;’s may have the same
real part, this is not sufficient for a proof of linear independence.

However, we can argue as follows: Differentiating () r — 1-times gives the system of
identities

ceMt o 4 ceMt =0,
caeMt 4+ o+ g\t = 0,
o feMt + Nt = 0,
N teMt o e NTleM = (.
Setting ¢t = 0 gives for ¢ = (¢q,...,¢,) the linear system of equations Ac = 0 with
coefficient matrix
1 1 . 1
Al A A
A= A A .. N
DVERIED Vet D

Now A is a Vandermonde matrix and hence invertible; cf. any Linear Algebra book.
(One can also compute the determinant of A recursively: Subtract Column 1 from the
remaining columns and then expand along the first row. This leaves an (n—1) x (n—1)
determinant, which has the factor (Ag — A\1)(A3 — A1) -+ (A, — A1) (since the columns
have the factors A; — A). After taking the factors out, the Vandermonde form (with
2nd row (Ag,...,\;)) can be restored using suitable elementary row operations. By
induction it then follows that det(A) = [, .;_;<,(A;—Ai), which is obviously nonzero.)

It follows that ¢; = ¢ = --- = ¢, = 0, i.e., the functions fy, A € C, are linearly
independent.

c) Let Ay, ...\ i1, e € Rand aq,...,0a,,b1,...,b, € R be such that 0 < )\ <

e < A, 0< g < - <y, and

aicy, + - +arcn, +bisy, ++--+bs,, =0 in RE. (2)

9



Since cos(Az) = 1(e? + ) sin(Az) = L (e — e77), we have ¢y = $(fir + f-ir),
S\ = %( fix — f-in)- Inserting this into (2) gives a complex linear combination of the

functions fy, which is equal to zero. By Part b), all the coefficients must be zero.

If Ay = 0 then, since c¢o(t) = 1 = fo(t), the function fy appears in the complex linear
combination with coefficient ag, and hence ay = 0.

If A is not equal to any of the numbers p, ..., u:, then both fiy,, f-in, appear in the
complex linear combination with coefficient a;/2, showing that a; = 0.

Arguing similarly for Ao, ..., A\, ptq,..., s, we see that the only remaining case is
Ai = pj for some 7,j. W.lo.g. we may assume \; = pi1 = A. Then the coefficient of
f+in in the complex linear combination is clearly the same as in

a; — lbl a; + 1b1
2 fl)\ + 9

a b
aicy, +bis,, = 31 (fix + foin) + 2—11 (fix— fo) = f=in-

It follows that ‘hg—lbl = %ibl = 0 and hence a; = b; = 0.

In all we have shown that (2) implies a; = -+ = a, = by = -+ = b = 0, i.e., the
functions ¢y, A > 0, and sy, A > 0, are collectively linearly independent.

10



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 3

Differential Equations (Math 285)

H13 Determine the general solution of the following ODE’s in terms of y(0) (three
answers suffice).
a) dy/dt =e¥t; b) dy/dt =ty +y+t;
¢) dy/dt = (cost)y + 4 cost; d) dy/dt =t™y" (m,n € Z).

H14 For the following ODE’s, solve the corresponding IVP with y(0) = 1.
a) dy/dt = —4ty; b) dy/dt = ty?; ¢) (1+t)dy/dt = 4y.

H15 Determine all maximal solutions of #* ¢’ = y? and decide for which points (to, yo) €
R? the IVP 2y’ = y* A y(to) = yo has no solution/exactly one solution/more than
one solution.

H16 a) According to worldometers.info, the world’s population on July 1, 2020 was
about 7.79 billion, with a 1.05% increase since July 1, 2019. Use this data
to determine a new logistic model for the world’s population growth, and
compare with that of the lecture. What is the limiting population according
to the new model?

b) Show that the graph of y(t) = a/(de™* +b) (a,b,d > 0) is point-symmetric
to its inflection point.
Hint: A superb way to solve this exercise is to observe that the mirror image
of a solution curve w.r.t. its inflection point represents a solution as well and
use the uniqueness of solutions of associated IVP’s.

H17 a) Explain how to adapt the analysis of the harvesting equation in the lecture to
y' = ay® + by + ¢ with a,b,c € R and a > 0.
b) Sketch the solution curves of (i) ¥ = y* —y + 1, (ii) ¢ = y* + 2y + 1, (iii)
y' = y? + y — 2 without actually computing solutions. Steady-state solutions
and inflection points (if any) should be drawn exactly.

H18 The ODE ¢y = a(t)y — b(t)y™, n € R\ {0,1} is called Bernoulli’s differential
equation.

a) Show that for an appropriate choice of 3 € R the substitution z = y® turns
Bernoulli’s differential equation into a linear 1st-order ODE (which can be
solved by the usual methods).

b) Solve the IVP 3/ = 4y — y*> A y(0) = 1 by the method suggested in a).

c¢) Investigate the asymptotic stability of the steady-state solutions of the ODE
in b).

Due on Thu Mar 7, 10 am



Solutions

13 a)

e Vdy =e'dt

Integrating both sides of the equation, we get

Y t
/ e "dr = / e’ds
y(0) 0

—eV4e VO =¢f —1
Finally, we obtain
y(t) = —In(e™¥@ +1—¢'), t<In(l—e v,

Remark: When determining the solution, one can also use indefinite integration
[e¥dy = e"dt+C and determine C' in terms of y(0). This applies to the subse-
quent exercises as well.

Rewrite the ODE in the form of ' = a(t)y + b(t)
Yy =@+1y+t

According to the particular solution formula,

Since y,(0) = 0, the general solution in terms of y(0) is

+2

y(t) = y(0)e Tt — 1 —¢2 /Ot e ) ds.

Remark: It is not necessary to rewrite the integrand occuring in y,(¢) in the particular
form shown above, but at least this shows the relation with the incomplete Gauss
integral (or the so-called error function). The simple answer is y(t) = y,(t) + ya(t),
t € R, with y,, y5 as above.



¢) According to the particular solution formula,

t

Yp(t) = esm(t)/ 4cos(s)e™ ) ds (1)
0

— _4€sin(t) (6_ sin(t) 1) (2)

= 4en) — 4, (3)

and the “homogeneous solution” is
(1) = y(0)e ),
The general solution is then
y(t) = (y(0) + ) — 4.

The general form y(t) = Ce™ — 4, C' € R, also follows from the observation that
y(t) = —4 is a particular solution.

d) There is the constant solution y = 0, and for y # 0 we can separate:

dy

— =t"dt.

yn

Integrating both sides, we get
Yy o1 t
/ —dr :/ s"™ds
MONE 0
1 1 tm+1
_ 4 = n#1, m#-1).

(n=1y =t (n—=1y(O)""  m+1

Then, we obtain the general solution

M“:k”‘”(m—mlmnl‘itzﬂ_;1<”%L n7

Next, we deal with the special cases:

dy di
y ot
In|y|=In|t|+ C

Finally, we obtain, with a different parameter C’ € R,
y(t)=C"t, te (—00,0)orte (0,+00).

y(0) is not defined in this case.



i) n=1, m# -1
— ={"dt

Yy 1 t
/ —dr = / s"™ds,
y(0) " 0

tm+l

Integrating both sides, we get

Infy| —In |y(0)] = -———-

Finally, noting that y(¢) and y(0) must have the same sign, we obtain

tm+1

y(t) =y(0)em+1, teR.

i) n#1, m=-1

dy df
yrot
Integrate both sides, we get
! It +C
I = |n
(77, 1) n—1

Finally, we obtain
y(t) = (~(n = (It + )57, t<—eCort>e
y(0) is not defined in this case.

14 a) dy/dt = —4ty
This is a homogeneous linear ODE, so we get

y(t) = Ce™™
Plugging into the IVP y(0) = 1, we can obtain the solution as

y(t) =, teR

b) dy/dt = ty?
This is a separable ODE, so we can write

= tdt

Y
v 1 t
/—3d7":/sds
1 T 0

yt)=(1—13)"2, —l<t<l.

dy
o3

The solution is



c) (1+t)dy/dt =4y

Rewrite the ODE as 4
/

Ve
We use the “homogeneous solution formula” to get

Y.

y(t) = Ce*MH = Ot + 1),
Plugging into the IVP y(0) = 1, we obtain the solution as
y(t) = (t+1)*, teR
15 We can rewrite this separable ODE as
dy dt

y2 t2 (y7t # O)
Integrating both sides of the above equation, we get

/—dn—/—dT
Yo to

which gives

y(t) = toYo _ (toyo)t _ _
v — (yy—to)  toyo — (Yo —to)t 1 —Ct toYo

Removal of the coordinate axes splits the (¢, y)-plane into 4 quadrants (“small rectangles”
in the parlance of the lecture), and every solution that is contained entirely in one of these
quadrants must be of this form.

For t = 0 we must have y(t) = 0 (from t*y' = y?).

There is the constant solution y(t) =0, t € R.

1) to=y #0

: 0
M0={g iio

And y(0) = 0 fits with the expression y(t) = ¢, so we can write the solution as y(t) = t,
teR.
There is only one solution.

2) ty=yo=0
Every solution of the ODE defined at t = 0 must satisfy y(0) = 0 (see above). Non-
constant (maximal) solutions are

t

with domain R if C' =0, (—o0,1/C) if C' > 0, and (1/C, +o0) if C' < 0. In particular
there are an infinite number of solutions.



3) to = 0,40 7é 0
This IVP contradicts y(0) = 0. Therefore, there is no solution.

4) tO 7é 07 Yo = 0
The solution is

y(t) =0
Therefore, there is only one solution.
5) 0#to#yo #0
t toYo
yit) = ————, t#
1 - yl?()yoo t yO - tﬂ

Therefore, there is only one solution.
In conclusion, the IVP t%y = y? A y(to) = yo has
1) no solution when ty = 0, yo # 0;
2) infinitely many (maximal) solutions when ¢y = yo = 0;
3) exactly one (maximal) solution otherwise.

Particular maximal solutions are

y(t) =0, teR;
y(t) =t, teR;
_ t ‘
yc(t)_ 1—Ct’ te (_0071/C>a
t
+ —
Yo (t) = o te(1/C,400).

The 3rd and 4th type of solutions exist for any real number C # 0.

A better picture can be obtained by solving y = t/(1 — Ct) for C, which gives C' =
(y — t)/(ty) and shows that F(t,y) = (y — t)/(ty) provides a first integral for the given
ODE.



3.00
3.00

_—100—

2.00
~.

From the contour plot of F' you can see that all non-constant solutions that are defined at

¢ = 0 share the same tangent at (0,0). This also follows from &= = m Solutions

yg(t) with C' > 0 fill the 4th quadrant, solutions y (¢) with C' > 0 fill the region above
y = t in the 1st and 3rd quadrant, etc. All these properties can also be derived with
some effort from the formulas.

For determining all maximal solutions we must also consider the possibility of glueing
together branches of solutions at the origin. Since the tangent of a non-constant solution
at the origin must be y = ¢, any solution in the 3rd quadrant “ending at (0,0)” can be
glued together with any solution in the 1st quadrant “starting at (0,0)” to form a maximal
solution. This gives a two-parameter family of maximal solutions (see the picture), which
may also have a finite domain or domain R.

Remark: With the Existence and Uniqueness Theorems now at hand, we can easily get a
complete qualitive picture. Rewriting t?y’ = y? as y? dt —t?>dy = 0, we see that the origin
(to, yo) = (0,0) is the only singular point, and hence that through any other point (o, yo)
there passes precisely one integral curve (solution curve) locally.! For points (0, 1,) with
Yo # 0 this is the curve t = 0, which cannot be seen from t?y’ = y2, because it can be
parametrized only as t(y).

16 a) The new logistic model is y(t) = 5 —wZmm; With a = 0.029 (natural reproduction

rate of humans) and b, d’ determined from Zgg;g)) = a—0by(2020) = 0.0105, y(2020) =

IBy this we mean that there exists a neighborhood U of (to,yo) such that the modified ODE with
domain U has uniqueness of integral curves through (tg,yo). The set U must be chosen in such a way
that it doesn’t contain the origin.



2% = 7.79 x 10°. The solution is b = 2L x 1071, d’ = 2 x 1071, s0 that

0.029 x 1010

y(t) = 2 ©—0.020(t—2020) 4 37
1558 1558

and the limiting population is a/b ~ 12.2 billion people.

With the Hint, we want to prove that the mirror image of a solution curve w.r.t. its
inflection point represents a solution as well and use the uniqueness of solutions of
associated IVP’s.
The function of the mirror image is
a a

90 =3 = G 1
where ¢, = (Ind — Inb)/a.
First, we prove that ¢(t) is a solution to the ODE y' = ay — by?.

a2 dea(2th7t)

g(t) = "~ (de"@in—t) 1 p)?
and
2 2 2 2 2
9 B a_ B a— B a_ B 2@ a
ag(t) — bg*(t) = Ty Ty b(b2 b(de—aCn—1) + b) - (de—alin—1) 1 b)2)

—a?de= 2= — a2 4 2a%b — a?b
(de—Ctn—0) 1 b)2
a2d67a(2th7t)
(de—Ct—0) 1 b)2

Thus, ¢'(t) = ag(t) — bg*(t), which means ¢(t) is also a solution to the ODE y' =
ay — by?.

Then, we will use the uniqueness of the solution of th IVP /' = ay—by* Ay(ts) = a/2b.
Since the original solution curve has the inflection point (5, a/2b), it shares the same
IVP with the mirror image g(¢). The logistic equation has a unique solution for any
given IVP, so y(t) = g(t).

Remark: The computation can be simplified a little by using the observation that y(t)
solves v/ = ay — by? iff t — y(t — o), to € R, does.

17 a) It should be noted that the analysis in the lecture used the notation ¢y’ = ay —

by* — h, where a,b, h > 0. However, the parabola f(y) =4 = ay?> +by+c, a > 0, is a
vertically flipped version of that considered in the lecture. This discrepancy will lead
to different behaviors of the solution curves.

The discriminant is A = b*> — 4ac. For A > 0, there are the steady-state solutions

—b—Vb? — 4dac

Y1 =

2a
—b+ V/b? — 4dac
Y2 =
2a

where 0 < y; < 5.



i) ¢ <b?/da
If the initial condition y(ty) satisfies y; < y(to) < yq, then y(t) decreases and

limy o0 y(t) = 11-
If y(to) > yo, then y(t) increases to co. If y(ty) < yi, then y(t) increases and

ii) ¢ =0?/4a
If y(ty) > —b/2a, then y(t) increases to co. If y(tg) < —b/2a, then y(t) increases
and limy_,o y(t) = y1.

iii) ¢ > b?/4a
Regardless of the initial condition, y(¢) will increase to oco.

b) i)y =y -y+1

Figure 1: 3y = y*> —y + 1

i) v =y +2y+1



Ar 4 .";.\

%
2 — 2
A /
-4 r |I
|
f
_5 ] 1 1 1 1 ] 1 I 1 Il ]
5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 3: 3y = y> +y — 2
18 a) We can write
dz dy
4z _ 5619
a =" a

10



Then, we get
dy 1 175dz

a ~ gY ar
Substituting the above expression into the ODE, we get

1 gdz n
LA a(t)y — b(t)y",

2" = Ba(t)y’ — Bb(t)y™,
2 = Ba(t)z — Bb(t)y" L.

Then, setting 8 = 1 — n, we can obtain the 1st-order linear ODE
2" = Ba(t)z — Bb(t)

for z(t) = y(t)'~™. Depending on n, the 1-1 correspondence between solutions of both
ODEs may only hold for a smaller domain, e.g., for general n > 1 we need to restrict
to y > 0 (except for certain integers n).

Setting f =1 — 3 = —2, we can rewrite the ODE as
2= —8z+2.

The corresponding IVP is z(0) = y(0)~2 = 1.
Then, we can get its solution as

Since z = y? = y 72,

(NI

y(t) = +2(1)"F =+ Ge—“ + i) _

Because y(0) = 1, we eliminate the negative solution, leaving

(1) (3 -5 1)5 2 LeR
= —6 —_ = —’ .
Y 4 4 VIt3e®

The steady-state solution is z(t) = 1/4, corresponding to y(t) = +2.
The general solution to the ODE in b) is y(¢) = 0 and the non-constant solutions

w0 == (20 - ) 4] N

and

[

wt) = | (20— 1) e+ 3]

limy o0 11 (8) = —2, and limy_,o0 11 (t) = 2.

11



If the initial condition is y(0) = yo < 0, then the solution will be y; (), so lim;_,» y(t) =
if the initial condition is y(0) = yo > 0, then the solution will be y2(t), so lim;_,o y(t) =
2.

This shows that both y = —2 and y = 2 are asymptotically stable.

The third steady state solution y(t) = 0 is unstable. This follows from the cases
y(0) > 0 and y(0) < 0 covered above.

12



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 4

Differential Equations (Math 285)

H19 Find integrating factors for the following ODE’s and determine their integral curves.

a) e*(z+1)dz+(ye¥ —xe®)dy = 0;
b) yly+2zx+1)dz —z(2y+ 2z —1)dy = 0.

H20 An ODE M(z,y)dz +N(z,y)dy = 0 is said to be homogeneous if M and N
are homogeneous functions of the same degree, i.e., there exists d € R such that
MMz, \y) = MM (z,y) and N(A\x, \y) = XN (x,y) for all x, y, and \.

a) Show that the substitution z = y/x (or z = z/y) transforms any homogeneous
ODE into a separable ODE.

b) Solve the following ODE’s in implicit form (answering two of (i)—(iii) suffices):

(i) (z+y)dz—(x+2y)dy = 0; (ii) (z —2y)dz+ydy = 0;
(iii) (2 + y*) dz +3zydy = 0; (iv) (z—y—1)dz+(x+4y —6)dy = 0.

H21 a) Determine the orthogonal trajectories of the family of circles through (1,0)
and (—1,0).
Hint: The midpoint of such a circle is on the y-axis, and it is best to use its
y-coordinate as parameter C.Hse—the—y-coordinate—ofthe-interseetion—point

b) Determine the orthogonal trajectories of the family of parabolas y = k 2% — ﬁ,
k > 0 (confocal parabolas with focus in (0,0), the y-axis as axis, and open
on the top). What is the relation with Exercise W24 d) on Worksheet 8 of

Calculus I1II in Fall 2023 7

H22 Analyze the alternative model dy/dt = ay—by?>—Ey (a,b, E > 0) for harvesting
a population (individuals are removed at a rate proportional to the current size of
the population). Which rates E are sustainable? How to choose E in order to
maximize the yield Ey in the long run?

H23 Optional exercise
The task of this exercise is to show the Cauchy-Hadamard formula

1
R=—, L =Ilimsup {/|a,|
L n—00

(with the conventions 1/0 = oo, 1/0o0 = 0) for the radius of convergence R of a

(complex) power series >~ a,(z — a)”. Here L = limsupz, € [—o0,+00] (limit
n—oo
superior) denotes the largest accumulation point of a real sequence (x,), i.e., for

every € > () there are only finitely many indexes n satisfying x,, > L 4+ € but no real
number L' < L has this property (with suitable modifications for L = 400).

1 PLEASE TURN OVER



a) If L = oo (ie., {/|a,| is unbounded), show that Y > a,(z — a)™ converges
only for z = a.

b) If L =0 (i.e., {/|a,| converges to zero), show that >~ a,(z —a)" converges
for all z € C.

c) If 0 < L < oo, show that ) " ja,(z — a)" converges for |z —a|] < 1/L and
diverges for |z —a|] > 1/L.

H24 Optional exercise

For s € C consider the binomial series

B,(z) = i (Z) ;o i s(s — 1i2(s; ntl)

n=0 n=0

a) Show that for s ¢ {0,1,2,...} the binomial series has radius of convergence
R=1.

b) Show that By(z) = (14 z)® for s € C and —1 < x < 1.
Hint: x + (1 + 2)* = ™0+2) ig a solution of the IVP ¢/ = e ¥, y(0) = 1.
Show that the same is true of x — By(z); cf. also [Stel6], Ch. 11.10, Ex. 85.

¢) Show Bg(2) = (1 + 2)* for s,z € C with |z| < 1.
Hint: Probably the easiest way to solve this part is to use the same idea as in
b): Show that z + By(2) and z + (1 + 2)* = e1°81%2) hoth satisfy 3/ = Y
for |z| < 1 and y(0) = 1, and that the solution of this complex IVP is unique.

Since we haven’t discussed complex differentiation and ODE’s in any depth,
it is important that you justify carefully every step of your solution.

Due on Thu Mar 14, 10 am

The optional exercises can be handed in until Thu Mar 21, 10 am.



Solutions
19 a) According to the equation,

M=¢e"(x+1), N =ye¥—ze”,
oM , ON
dy ox
This is not an exact ODE and an appropriate integrating factor is needed.
Computing the following equation, we find that

1 (OM  ON\ (z+1e
() e

dy ox

Thus, there exists a suitable integrating factor p(y) that is a function of y only, and
1 satisfies the differential equation

Hence,

is a suitable integrating factor.

Multiplying the original equation by this integrating factor, we obtain

e Y(r+1)de+(y —xze®¥)dy =0,
M =e"Yx+1),N =y —ze"Y,
oM’ _ON’

= —ge' Y

dy ox

This is an exact ODE.
Therefore, there exists a function ¢ so that

0
LM =Y 41), =N =y—ze.
Ox

Integrating the first equation with respect to z, we obtain that

plz,y) = /ez_y(x + Ddx + h(y) = ze”" + h(y).
Substituting ¢(x,y) into the second equation, we find that

¢ _

o T—Y + h/ — _ r—y — N/,
oy~ v (y) =y — ze

so B (y) =y and h(y) = 3y. Thus the solution is given implicitly by

1
F(x,y) =ze" Y + §y2 =C, CeR.



b) According to the equation,

M=yly+2x+1), N=—-x2y+x+1),
oM | ON
oy ox
This is not an exact ODE and an appropriate integrating factor is needed.
Computing the following expression,

4
—3zy’

1 oM  ON 1
Ny—Mx(ay _a_x) —m[(2y+2x+1)—(—2y—2x+1)]_

which depends only on xy, we can conclude that there exists a suitable integrating
factor pu(xy) that is a function of xy only, and (subsitute s = xy) u satisfies the
differential equation

Hence
’ [—Ads _4
/.L(S) = e 3s = S 3,

and the integrating factor is p(zry) = (my)_% Multiplying the original equation by
this integrating factor, we obtain
(asy)_%y(y +2x+1)dz —(xy)_%x(ly +z—1)dy =0
M’ = (zy) iy(y+ 20+ 1), N' = —(2y) 522y + 7 — 1)
oM'  ON'
dy Oz

This is an exact ODE.
Therefore, there exists a function ¢ so that

690_ . 7%
e = M' = (zvy) 3y(y + 2z + 1),
dp 4
—:NI:— 3 2 —1
Iy (zvy) 322y +2 —1)

Integrating the first equation with respect to x, we obtain

p(.9) = [y Sy +20+ Do+ hiy) = (D=3 + D +308]+ hly).
Substituting ¢(x,y) into the second equation, we find that

0 .
a—go = 3275y 4 (y+ )27y T8 —adyTa W (y) = N,
Y
so h'(y) = 0 and h(y) = C. Thus the solution is given implicitly by

F(r,y) = —327_%.@_% — 3a7_%y% + ?m%y‘é =C, CeR.



20 a) The homogeneous ODE can be represented as
M (z,y)dz +N(z,y)dy = 0.

Substituting z = y/x and using the defining property of homogeneous ODE’s, we
obtain

M(z,zz)dz+N(z,zz)(rdz+zdz) =0

= 2 M(1,2)dz +2°N(1, 2)(zdz +zdz) = 0
= [M(1,2)+2N(1,z)]dz +N(1,2)zdz =0
M(1
= ( ’Z)+ZN(1’Z)da::—xdz.
N(1,2)

Hence, the homogeneous ODE can be converted to the separable ODE
dz  M(1,2)+2zN(1,z)

dz zN(1,z)
Alternative solution: We use the explicit form
M(x,y 2 M(1,y/x M(1,y/x
N(z,y) ' N(1,y/x) N(1,y/x)
The substitution z = y/x gives

,_Yr—y fl) -z
z = =
x? x
which is separable. (Inserting f(z) = —M (1, 2)/N(1, 2z) transforms this ODE into the

ODE obtained above.)

Remark: The substitution z = y/z requires x # 0. Some integral curves may be lost
in this way, e.g., consider xdy —y dz = 0, which has the y-axis as an integral curve,
but the transformed ODE 2z’ = 0 doesn’t reflect this.

Y

b) (i) Substituting z = y/x gives
(x +y)dz —(z 4+ 2y)dy = (z + z2)dz —(x + 222) (2 dz +xdz) =0
dz 1— 222

dz ~ (1+422)z
This is a separable ODE and can be solved in the usual way: There are the
constant solutions z = i% 2, corresponding to y = i% 2x. Otherwise we get

1+2 1
/ + zdz:/—dx
1—222 x
1 1 1 1 2z
SIS S i Y
=1 2) 1-+2z 2/ 1++2z2 1—222

1 1 1
1n|x|:—ﬁln‘1—\/§z +ﬁln‘1+\/§z‘—§ln‘l—2z2‘+0

vl
1 - V22|72
o1+ ﬂz‘iﬁf% _ ec|:)3| |z + ﬂy‘iﬁf%
1 1 1 1
1o VEl T ey

|z = e



Dividing by |z| and raising the equation to the 4th power, which only changes
the constant, gives

242

2-v2
‘x—\/_y‘ —C’x+\/§y‘ , C'>0.

This is probably the best form of the solution curves we can get. It includes the
two special solutions y = i%\/ﬁx as boundary cases C' = 0 and C’ = oc.

(ii) Substituting z = y/x into the equation gives

(x —2y)dz +ydy = (z — 22z) dz +2z(zdz +x dz) = 0,
dz —22+2z—1__(z—1)2

dx 2T 2T

This is a separable ODE, hence for z # 1(z = 1 gives the solution y = x) we can

continue as usual:
—z 1
——dz= [ =d
/ 1—22+22 °T / I

1l—2z—-1 dz dz 1
Y R Rt s - s
njz] /1—2z+z2 ‘ /1—2 /(l—z)2 z—1 nz |+C

Therefore, the implicit solution is

Y _¢ CeR
— X

Inly — x| -

complemented by the additional solution curve y = x.

(iii) Substituting z = y/z into the equation gives

(z° + y*) dz +3zy dy = (2 + (22)?) dz +32°2(z dz +2 d2) = 0,
dz 1+ 422

dz 32z

This is a separable ODE without constant solutions, hence equivalent to

/1+422 /—dx—()

1
gln|xl+§ln|1+422|:(§'

8In|z| 4+ 3In |1 +42%| = ',
2 (1+ 4y2/a72)3 =
2?2 (2? +4y°)P =C", C">0. (S)

This is the desired implicit solution, except for the integral curve x = 0, which is
a solution of (22 + y?) dz +3zy dy = 0 (check it!) but missed by the substitution
z = y/x, as mentioned earlier. However, if we allow in (S) also C” = 0 then this
solution is included.



(iv) This ODE is not homogeneous, but it can be transformed into a homogeneous
ODE by a translation z =u+a,y =v+b. Sincex —y—1=x+4y—6 =20
has the solution (z,y) = (2, 1), the point (2, 1) is singular and the corresponding
translation is * = u+ 2, y = v + 1 (clear, since it removes the constants). Using
dz = du, dy = dwv, the transformed ODE is then

(u+2—(v+1)—1)du+(u+2+4(v+1)—6) = (u—v)du+(u+ 4v)dv = 0.
Substituting z = v/u into the equation gives

(1—2)du+(1+42)(2du+udz) =0,
(42> + 1) du+u(l +42)dz = 0,
dz 1+ 42

du  u(l+42)

This is a separable ODE without constant solutions and hence equivalent to

1+ 42
du =0
/ i 422
Inlu| + = ln (1+42%) + 5 arctan(Qz) =C,
21n |ul —|— In (14 42z%) + arctan(2z) = 2C,
In(u® + 4v?) + arctan(2v/u) = 2C,

In((z — 2)* +4(y — 1)*) + arctan <2(y——21)) =20=C", C'eR
v

This is the desired implicit solution.

21 a) The given hint complicates things and shouldn’t be followed. (The equation be-
comes more complicated, and every such circle has two points on the y-axis, so that
one of them needs to fixed in advance.) I am sorry for getting this wrong.

It is better to parametrize in such a way that the midpoint has coordinates (0, C), in
which case the equation is 22 + (y — C)? = C* + 1, or 2* + y* = 1 + 2Cy. Solving for

C gives f(z,y) = $2+2—y;_1 = C. It follows that an ODE for the circles is

2 _ 2
— 1
fedotfydy = Sde+ "2 T qy =0,
y 2y?
The orthogonal trajectories then solve the ODE
2 _ 2
—y2 1
—fydetfody = L " dz+Zdy = 0.
2y? y

Clearing the denominator gives the equivalent form
(2* —y* — 1) dz +2z2y dy = 0.

(Since the parametrized z-axis (y = 0) is not a solution, no new solution is intro-
duced.) This ODE is not exact but, since My;]Nz = _22?@2?/ = —2 depends only on

7



z, has the integrating factor [ e v dy = m% The corresponding exact equation, viz.
(1 —y?/2* —1/2*)dz +(2y/x)dy = 0, has antiderivative g(z,y) = = + v*/z + 1/z,
so that the orthogonal trajectories are given by g(z,y) = C or, after clearing the
denominator, 2 + y* + 1 = Cz. To this we must add the y-axis, which is a solution
(x = 0Adz = 0), but was lost when we applied the integrating factor. The family
of circles can be rewritten as (z — C'/2)* + y*> = C?/4 — 1. Replacing C/2 by C' the
equation becomes

(z—C)Y+y*=C?—1, where|C|>1.

Thus the orthogonal trajectories (except for the y-axis) are itself circles, which have
their midpoints on the z-axis outside the interval [—1,1] and are contained either in
the left or the right half plane. One of the intersection points of the circles with the
x-axis is contained in [—1, 1] and approaches the origin when C' — +o0; see Fig. ?7?.
(For the circles in the right half plane, which have C' > 1, the intersection point has

z-coordinate C' — v/C? — 1.)

Figure 1: Orthogonal trajectories (in blue) of the family of circles through (1,0) and
(_17 0)

b) The focus of y = kx? + ¢ is on the y-axis and has the same y-coordinate as the
points with slope 1 on the parabola, i.e., y = k (i)z +c= ﬁ + ¢. (At these points
the parabola intersects the corresponding vertical lines in a 45° angle, so that “light

beams coming from above” are reflected horizontally toward the y-axis.) Hence, if we
set ¢ = —1/4k then all parabolas in the family have their focus at the origin.

y = kx? — 1/4k is equivalent to 4k*x*> — 4ky — 1 = 0, which has solutions k =

8# <4y + /1692 + 16x2> = ﬁ (y + /22 + y2>. Since k > 0, the parabolas are

given by
Y+ 22+ y?

8



Working with this function, however, leads to an elaborate computation. (I have given
up it at some point and tried to find an alternative way.) The following observation
helps to simplify things:

y+vart+y (Ve )y + Vet +y?) 1 1
222 2202(—y + /22 + 4?) 2 V2 +yi—y

Hence, replacing k by C' = 1/2k, the parabolas are also given by

flz,y) = Va2+y2—y=C, C>0.

The corresponding differential equation is

T (R P
’:132—|—y2 /$2_‘_y2

so that (after clearing denominators) the orthogonal trajectories solve

(\/x2+y2 —y) dz +xdy = 0.

This ODE is homogeneous with corresponding explicit form

d _ 2 2 2
Wy VR v (B

dx x x x

with the plus sign holding in the half plane z < 0. The usual substitution z = y/x
turns it into the separable ODE

V1422

X

2=+
Using [ ﬁ dz = arsinh z = ln(z +V1+ 22), we obtain

In(z+V1+22) =+xnfz|+C
z+\/1+z2:ec|:1:]ﬂ,

Y +4/1+ (g)Q —_— |:10|il = {eC/m for z >0,

x x —er  for x < 0.

For z > 0 this turns into y + /22 + y2 = €%, and for z < 0 into

y 1 Ja?+y? y— 2?42 c

— + - = = —e .

2 x x? x?
Multiplying numerator and denominator with y + /22 + y? (same trick as above)
turns the latter into m = ¢Y or, equivalently, y + /22 +y2 = e~“. Since e*¢

can be any positive real number, the distinction of the two cases is artificial and the
orthogonal trajectories of the original family of parabolas is simply

vei+yi+y=C, C>0.

9




Inspecting the two representations /x2 + y? &y = C, we see that the 2nd family is
simply the mirror image of the 1st family with respect to the x-axis. It can also be
1

- 2
specified as y = kz* — 7, k < 0.

In the earlier Calculus I1I exercise these families, with the roles of  and y interchanged,
arose as images of the coordinate lines x = const. and y = const. under the complex
squaring map z — z2. Their orthogonality can also be explained by the fact that the
squaring map is conformal.

Figure 2: Orthogonal trajectories (in blue) of the family of parabolas y = k 2% — ﬁ, k>0
(which turn out to be their mirror images with respect to the z-axis)

22 This problem is also discussed in [BDM17], Ch. 2.5, Exercise 19.
According to the model dy/dt = ay — by? — Ey = (a — E)y — by?,

A=(a—-E)?*>0
1) When E > a, we have y; = (a — E)/b < 0, y2 = 0.
If the initial population yg = y(to) is a positive number, then lim,_,, y(t) = 0; cf. the

discussion of the harvesting equation in the lecture. In this case, the harvesting is not
sustainable.

2) When E = a, we have y; = 1 = 0.
Again this implies lim;_, y(t) = 0 if yo > 0, so the harvesting is not sustainable
either.

3) When E < a, we have y; =0, yo = (a — E)/b > 0. If yo > 0, then in the long run

) a—F
lim y(t) = yo = .

t—o00 b

10



Hence,
: E(a—F)
Jim (Fy(t) = ==
The eventual yield in this case, Y = Eys = E(a—E)/b, defines a parabola. Therefore,
Y is maximized when E = a/2, with maximum value a?/4b.

Therefore, E should equal a/2 in order to maximize the yield Fy in the long run.

23 First a remark on the cases L = +oo. If (z,) is unbounded then (and only then)
for every R € R there exist infinitely many indexes n such that x,, > R, and hence it
is natural to call +00 an accumulation point of (z,) and set L = 400 in this case. On
the other hand, if (z,,) diverges to —oo then (and only then) for every R € R there exist
only finitely many indexes n such that z, > R, but of course infinitely many indexes n
such that z,, < R, and hence it is natural to call —oco an accumulation point of (z,,) and
set . = —oo in this case, since there is no other accumulation point. The case L = —o0
doesn’t occur for nonnegative sequences like x,, = {/|a,|.

a)

Suppose the power series converges for some z; # a and set r = |z; — al, which is
then > 0. Since Y a,(z1 — a)" converges, there exists a constant M > 1 such that
lan(z1 — a)™| = |a,| ™ < M for all n. Hence
vM M
Vlan| < < — for all n,
r r

contradicting the unboundedness of {/|a,|.

Assume lim,, o ¥/|a,| = 0. Then for every € > 0 there exists N € N such that |a,| <
¢ for n > N. Now let z € C\ {a} be arbitary and r = |z — al, i.e., |a,(z —a)"| =
la,| ™. Setting e = 1/(2r) and denoting by N the corresponding response, we get

1\" 1

lay|r" < | —) r"=— forn>N.
2r 2n

Since Y | 27" converges, the series Y | a,(z—a)" converges absolutely by the comparison

test. In particular > a,(z — a)" converges for all z € C (including z = a, of course).

Suppose first that z # a satisfies r = |z —a| < 1/L. Then L < 1/r, and hence there
exist 0 € (0,1) and N € N such that {/|a,| < 8/r for all n > N. (The number 6 need
only satisfy L < 0/r < 1/r, i.e., § € (rL,1). Then there can be only finitely many
n such that {/|a,| > 6/r.) From this we obtain |a,|r™ < " for n > N and can use
the comparison test with the convergent series 6™ to conclude that Y7 a,(z —a)"
converges.

Next suppose r = |z —a| > 1/L. Then 1/r < L, and hence {/|a,| > 1/r for infinitely
many n. Thus |a,|r™ > 1 for infinitely many n, implying the divergence of >~ >~ a,(z—
a)™. (Since convergence requires |a,|r™ — 0.)

24 a) For s ¢ {0,1,2,...} we have (?) # 0 for all n and

S
n

;) n+1 1+1/n

(n)

= R =lim, o |(Z)/(nil)‘ =1 (ratio test).

— —1 for n — oo.

s—n s/n—1

11



b)

The ODE ¢/’ = +5 ¥ 1s Ist-order linear, and hence all associated IVP’s have a unique
solution. Since B,(0) = (J) = 1, we must have By(z) = (1 + z)* for —1 < z < 1,

0
provided we can show that z — By(z) solves y' = 13—y as well.

For |z| < 1 and hence in particular for —1 < z < 1 we can differentiate Bs(z) term-
wise:

JEES DI WMESED o W i

= (1+2)Bl(z) = is(i 11) x”‘ln(l ta)=s (nool (Z: D "+ i (Z: D x”)

as claimed.

The computation in b) is valid for all z € C with |z| < 1, showing that Bl(z) =
715 Bs(2) for such 2. The extension of the chain rule to complex differentiation (proved
as in the real case) gives

ieslog(l—l—z) _ eslog(1+z) i [S 10g(1 + Z)] _ eslog(1+z) L
dz

dz 142

Thus both functions are solutions of ' = =Y y(0) = 1. For the uniqueness proof we

consider the function f(z) = B,(z)e*!°¢(1+2) defined for |z| < 1. Using the product
rule for differentiation of complex functions, we have

f/(Z) _ B;(Z) e—slog(1+z) + Bs(z) di e—slog(1+z)
z
s —s
— Bs —slog(1+z) Bs —slog(1+z) -0
1+2 (2)e TBi(z)e l+z 7
and of course f(0) = 1. This implies f(z) = 1 (since, e.g., Ref and Imf are real 2-
variable functions with vanishing differential and hence must be constant), and hence
B,(2) = e181+2) for |2] < 1.

12



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 5

Differential Equations (Math 285)

H25 Evaluate the two series

Z Sm(;w) and Z COS(ZLI) for z € R,
n=1

n n
n=1

in a way similar to the evaluation of >~ % in the lecture, and use this in
turn to evaluate the series

1 1 1 1 1
J— _‘____j:...’

H26 a) Assuming that > °° % = %2, show that > 7 (7173—:_1 = T without resorting
O

n=1n2 12
. o0 ¢
to the evaluation of ),

Hint: Add the two series.
2

b) Show that & + & + & + & + - = .

s(nx)
o)

H27 Solve the initial value problem

y' +1yl=0, y(0)=0,y(0)=1.

Your solution should have the (maximal) domain R. Is the solution unique?

Hint: The solution of Example 10 in lecturel-3_handout.pdf and Exercise H29 a)
may help.

H28 Let (M,d) be a metric space and (a,b) € M x M.

a) Show that the metric d is continuous in the following sense:
For every € > 0 there exists 0 > 0 such that d(z,a) < 6 Ad(y,b) < ¢ implies
|d(z,y) — d(a,b)| < e.
Hint: First derive the so-called quadrangle inequality |d(z,y) — d(a,b)| <
d(z,a) + d(y,b).

b) Using a), show in detail that x,, — a and y,, — b implies d(z,, y,) — d(a,b).
(A special case of this, viz. d(x,,b) — d(a,b), is used in the proof of Part (2)
of Banach’s Fixed-Point Theorem.)

1 PLEASE TURN OVER



T

H29 a) Show that the general (real) solution of ¢ = y is y(x) = c1e” + ™%,
C1,Co € R.
Hint: For a solution y the functions y + v’ and y — ¢/ satisfy linear 1st-order
ODE’s.

b) For z € R let

Flz) - /0°° cos(xt) A

241
Show that * gin(at)
m sin(x
Fl(z) = —= ————dt f > 0.
(#) = =3 +/0 H2+ 1) o
Hint: Differentiate F' under the integral sign and use [;° sin(xt)/td¢ = [~ sin(t)/t dt =
/2 for x > 0.

c¢) Show that F' solves y” =y on (0, 00).
d) Determine F' from a), ¢) and F(0), F'(0+), and use the result to evaluate the

integral
* cost
| s
o t?+1

Due on Thu Mar 21, 10 am

Metric spaces (required for Exercise H28) will be discussed in more detail in the lecture
on Wed Mar 20, but H28 can be solved by only using the axioms for a metric space listed
on Slide 23 of lecture15-17 handout.pdf.

Exercises H29b)-d) are optional, but should be handed in together with H29 a) on Mar 21.
Rigorous justifications likely require that you study the material on uniform convergence

of improper parameter integrals in lecturel1-13 handout.pdf, which was skipped in
the Math 285 lecture.



Solutions

25 The two series converge uniformly on R due to the inequalities

sin(nx) 1
nd | ¥

cos(nz) 1
n* S nt’

and the known fact that > ° | L is convergent when p > 1. But for termwise differentia-
bility, which we want to employ, we need only the pointwise convergence and the uniform
convergence of the series of derivatives.

Now let us evaluate the first series. Its series of derivatives is

=, d sin(nz) _ f: cos(nx)

dz n3 n?
n=1

n=1

From the lecture slides, this series converges uniformly and evaluates to

n? 4 12

z; cos(nr) (z—m)*

Hence we can apply the Differentiation Theorem to conlcude that

d =sin(nz) =~ dsin(nz)  ~cos(nz) (z—m)? 7
da:nz:1 n? _;dx n? _nz:l n2 4 127

Therefore,

n 4 12

ism(?m):/(ﬂ_ﬁ)dx: (@—m

n=1

The constant C' can be determined by setting x = 0:

 =sin(n0) (-3 o
0=>" =, t0 = C=15

n=1
Hence, the first series can be expressed as

3

isin(nm)_(m—w)fﬂ T w
nd 12 12 12

n=1

Plugging in = = 7/2 yields, on account of sin(2k(7/2)) = sin(kr) = 0, sin((2k+1)7/2) =
(_1)k7

i (—1)* _ i sin(nm/2) _ (r/2 —m)3 B 72 (m/2) N 7r_3 _ 3 11 N 1
— (2k +1)3 — n3 12 12 12 9% 24 12
_
32



The series of derivatives of the second series, up to sign, is exactly this series. As shown
at the beginning, > "> sin(nx)/n® converges uniformly on R. Hence we can apply the
Differentiation Theorem again and conclude that

dyrent) _gh d feslon)] s [al] et

n=1 n=1 n=1
Hence,
= cos(nx) (x —m)* w22? 7z
= — — B, BeR.
; n s a1 Y

In order to determine the constant B, we evaluate the integral of this function over a full
period in two ways (as in the lecture). Using the Integration Theorem, we have

o
/Q“Z cos(nz) 2/2” cos(nz) 0

. On the other hand,

2w 2T 4 2,.2 3
cos(nz) (x —m)*  7wx* 7x

dz = — — B)d

/0 ; nt /0 ( T TR T ) !

(x —m)°  m2a® 7P o
= |- — B
[ 210 m2 2a P
™  w22r)®  w(2m)? o 46 7°
( 240 T 72 o HBen) 240) 70+ BE)
2374
—— B =
720
Hence, the first series can be expressed as
f: cos(nz)  (x—m) N w?r? 7w N 2374
ot 48 24 12 720
Finally, we evaluate the series > 2 1/n*.
Substituting x = 0 into the second series, we obtain
=1 = cos(n0 at 237t 7t
I R R
“—~mn ~ n 48 720 90
Remark: Continuing in this way, one can obtain closed-form expressions for Z Sm;%f)
n
n=1
and Z cos(n for all positive integers p, and use this to evaluate the series i i
(2k + 1)%~

(p=2,3,4,...) and Z W (p=1,2,3,...). The answers are of the form a, 7%, re-

spectively, b, 7 with certain numbers a,,b, € Q (— Euler and Bernoulli numbers).
= 1

About the values of the series Z 1 (p=2,3,4,...) much less is known. (Essentially
=1

the only thing known is that for p = 2 the value is an irrational number.)

4



26 a) Using the hint and subtracting the two series, we obtain
SN I )yt 11 1 1
S g atatgt)

n=1 n=1

1/1 1 1 1 I 1

_§<ﬁ+?+§+ﬁ+'”)_§zﬁ
[ee] 100 2

(=)t 1
— B _— = —
; n? 2 - n? 12

n—=

b) Adding the two series, we obtain

ii+i n_l (1+i+i_|_1_|_...):ﬂ-_2+ﬂ-_2:ﬂ-_2
— n? — 32 52 7 6 12 4
1 1 1 1 7r2

—rtEtRtET Ty

27 [Note: In the following, the general solutions of the ODE’s y” -y = 0 are determined

using the machinery for higher-order linear ODE’s with constant coefficients. You will

learn this stuff during the next few weeks. Adhoc derivations of these solutions were

given in lecturel-3_handout.pdf, Slides 35f and Exercise H29 a).]

When y > 0, y” + 1y = 0. The characteristic polynomial is X? +1 = 0 with roots

)\1 = l )\2

The general real solution is y(t) = ¢; cost + cosint, ¢1,¢c0 € R.

{y 0) == 01 sy=sint (t €0,7))

When y < 0, " —y = 0. The characteristic polynomial is X2 — 1 = 0 with roots
A=1, 0 =—
= The general real solution is y(t) = cie’ + cae™, 1,05 € R.

y(0) =c1+c2=0 ¢ =1 1 1
{y'(O)—c B = 2 .'.y(t)zéet—ée P <0)
=] — Cy =

In order to get maximal domain R, we impose for ¢ > 7 the new initial conditions
y(m) = sin(m) = 0, y'(7r) = cos(m) = —1, which are satisfied by the already defined
solution on (—oo, ]. Since y(t) < 0 for ¢ | m, we must fit the general solution for y < 0,
viz. y(t) = c1e' + ce™t, to the new initial conditions.

y(m) =cre™ + e ™ =0 c = —% 1 1
R D _ & cylt) = —s—e't—e" (t>m)
y(m) =cre" — e = —1 cy = 2e 2e

Since this function is negative for all ¢ > , it also provides a solution of " + |y| = 0 on
[7, +00).



The final solution is

%et — %e_t =sinht for t <0,
y(t) = < sint for0<t<m,
—letmm 4 L=t = —ginh(t — ) fort >

The function y(t) is differentiable also at t = 0, 7, because the one-sided derivatives exist
there and coincide. (In fact y(t) is even C?, but not C3.)

1k

0.5 -

0.5

15+

Figure 1: The solution y(¢) to H29

The Existence and Uniqueness Theorem applies to y” + |y| = 0, because it is equivalent
to the explicit ODE ¢" = f(t,y,y') with f(¢,y0,v1) = — |yo|. The function f(¢,yo, y1)is
continuous and satisfies

[t y0.91) = F(t, 20, 20)| = | = lyol + |20]] = £ (|yo]—|20]) < lyo — 20l < V(5o — 20)* + (31 — 21)?

for all y = (yo,y1), 2 = (20,21) € R?, i.e., a global Lipschitz condition with L = 1.
As shown in the lecture, the (trivially continuous) 1lst-order system obtained from 3" =
f(t,y,y') by order-reduction then satisfies such a Lipschitz condition as well (perhaps
with slightly larger Lipschitz constant), so that the Existence and Uniqueness Theorem
can be applied.

28 a) Applying the triangle inequality twice, we have

d(z,y) < d(z,a) +d(a,y)
<d(x,a)+ d(a,b) + d(b,y).
= d(x,y) —d(a,b) < d(x,a)+d(y,b)

Interchanging x, a as well as y, b in this inequality turns the left-hand side into d(a, b) —
d(z,y) and preserves the right-hand side, so that we also have d(a,b) — d(z,y) <
d(z,a) + d(y,b). Thus +(d(z,y) — d(a,b)) < d(z,a) + d(y,b), which is equivalent to
the quadrangle inequality.

With the quadrangle inequality at hand the continuity of d is easy to prove: Just
choose 0 = €/2 as response to €.



b)

Let € > 0 be given. There exists N; € N such that d(x,,a) < €/2 for all n > Ny, and
N € N such that d(y,,b) < ¢/2 for all n > N,. Using the qudrangle inequality, we
then have

|d(zp, yn) — d(a,b)] < d(zp,a) + d(y,,b) <€/2+¢/2=c¢

for all n > max{Ny, Na}. Thus N = max{N;, No} can serve as response to € in a
proof of d(x,,y,) — d(a,b).

29 a) We have

W+y) =y +y' =y +y=y+y,

W—y) =y -y =y-y=-(—v)
ie., z =y + v satisfies 2 = z and w = y — ¢/ satisfies w’ = —w. From the theory of
Ist-order linear ODE’s it follows that z(z) = y(z)+y'(z) = 1", w(z) = y(z)—y'(x) =
coe”® for some ¢1, 00 € R. = y(z) = 5(c16” +coe™™) = (¢1/2)e” + (c2/2)e™*, which is
of the required form.

—~

N [=

From the lecture recall that F' is continuous on R and can be differentiated under the
integral sign for > 0. Thus for z > 0 we have

Fle) = — /000 tsin(xt) Qi /0°° t? sin(xt) di— _ /0°° (t2 +1 — 1) sin(xt) y

2+ 1 t(t2 +1) t(t2 + 1)

:_/‘X’ sin(xt) dt+/°° sin(xt) A
0 t o t(t2+1)

The first integral is actually independent of x, since

/ sin(et) _ / SIS :/ M s, (Subst. s = xt, ds = x dt)
o o (s/z)x o s

and has the value 7/2, as we know from the Calculus III fnal exam.

Differentiating the expression in b) again under the integral sign, we obtain

F”(@:/OOO dm—mdt:/ooomdt:/omwdt:m@.

dzt(t2 +1) t(t2 +1) 241

This is justified, since

o(1),

d sin(zt) | [cos(xt)] < I
dzt(t2+1)| #+1 ~2+1

which is independent of z and integrable over (0, 00).
According to a) and c) we have

F(z) = c1€” + e,

F'(x) = ¢1€” — cpe™
for some c¢1,co € R and = > 0. Since F' is continuous in 0, the first identity holds also
for x = 0 and gives ¢; + co = F(0) = Ooo% =m/2.

7



Since
sin(xt) 1

tt2 + 1) ‘ R ICES (),

which is independent of = and integrable over (0, c0), we get

o in(xt) T o T
Fl04) = — =~ / lim S0E) 4, T / 0dt = —~
O ==35+ ) ey SR 2

On the other hand, F'(0+) = lim, o(c1e” — c2e™™) = ¢; — ¢2, so that ¢ — co = —7/2.
It follows that ¢; = 0, co = 7/2. Hence F(x) = (7/2)e”" for z > 0 and

> cost T
dt = F(1) = —.
/0 2 +1 (1) 2e

Remarks: This exercise is based on a video from the Youtube channel “Flammable
Maths”, who’s author Jens Fehlau has shot several nice videos with quite nontrivial
evaluations of interesting integrals.

Since F is even, we have F(z) = (n/2)e” "l for x € R. At 2 = 0 the function F' is not
differentiable, although the right-hand side of the integral representation

°° tsi t
F'(z) = —/ %@dt, valid for x # 0,
0

evaluates to zero at z = 0.

Numerically, 7/(2e) ~ 0.5778636748954609. This differs only slightly from the Euler-
Mascheroni constant vy = lim (1+1/2+1/3+---+1/n —In(n)) ~ 0.5772156649015329,
n—oo
cost

so that perhaps someone who computes the integral fooo i1 dt numerically but doesn’t
know about the exact evaluation is mislead to conjecture that it has the value ~.




ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 6

Differential Equations (Math 285)

H30 a) Show that a closed subset N of a complete metric space (M, d) is complete in
the induced metric d|y: N x N = R, (z,y) — d(z,y).

b) Conversely, show that a subset of a metric space that is complete in the induced
metric must be closed.

H31 a) Compute the norms ||A|| of the following matrices A € R?*2 directly from the
definition and compare them with their Frobenius norms ||A||.

Go) () (6)

b) Show that the norm ||D|| of a diagonal matrix D € R™*" is the largest absolute
value of an entry on the diagonal.

c) Show that if 7': R™ — R" is continuously differentiable with J(x*) = 0, there

exists r > 0 such that T": B,.(x*) — B, (x*) forms a contraction with constant
C=1

2

d) Give an example of a linear map T': R? — R?, x — Ax that forms a contrac-
tion but has Frobenius norm > 1.

H32 For the following ODE’s ¢/ = f(y), use the Existence and Uniqueness Theorem
to determine the points (tp,%9) € R? such that the initial value problem 3y’ =
fy) ANy(to) = yo has a unique solution near (¢g,yy). Then solve the ODE, sketch
the integral curves, and compare with your prediction.

a) vy =lyl; b) v =ly—v*.

H33 Use Picard-Lindelof iteration to compute the solution ¢ = (¢1, ¢2)7 of the system

9
Yo n
with initial condition ¢(0) = (1,0)T.

H34 Suppose that f: RxR — R is continuous and satisfies locally a Lipschitz condition,
and that

f(=t,y) = —f(t,y) forall (¢t,y) € R*.

Show that any solution ¢: [—r,r] — R, r > 0, of ¢/ = f(t,y) is its own mirror
image with respect to the y-axis.

1 PLEASE TURN OVER



H35 Optional Exercise

a)
b)

c)

Prove that R™*" — R, A > ||A[| satisfies (N1)—(N4).

Repeat a) for the Frobenius norm R™" — R, A — [|Alf.

Show that [|A| < ||Al|p for all matrices A € R™™™ or, equivalently, |[Ax| <
|A|g x| for all A € R™™ and x € R™.

Hint: Use ||A| = max{|Ax|;x € R"[x| = 1} and the Cauchy-Schwarz
Inequality for vectors in R™.

For A € R"™*" show [|A| = ||AT|.

Suppose A € R™" is invertible, B = ATA, and A\; > Ay > --- > )\, are the
eigenvalues of B. Show [|[A7Y| =1/V/A,.

Using the notation in e), show [|Allz = VA1 + A2 +--- + A, (This yields an
alternative proof of the inequality [|A| = v < ||A]l;.)

Hint: ||Allp = tr (ATA); cf. Math257 in Fall 2023, Exercise H56 a) of Home-
work 11.

Due on Thu Mar 28, 10 am

Exercise H35 can be handed in until Thu April 11, 10am. Parts c), d) of Exercise H31
are also considered as optional but should be handed together with a), b) on Mar 28.



Solutions

30 a) If (x,) is a Cauchy sequence in N, it is a fortiori a Cauchy sequence in M and
hence converges to some a € M, since (M,d) is complete. But “N closed” means
that N contains all limit points of sequences in N, so a € N and (z,) converges in
(N,d|n), which is therefore complete as well.

b) Using the notation in a), let (x,) be a sequence in N, which has a limit in M, say a.
Then (z,) must be a Cauchy sequence, and hence convergent in N, since (N, d|y) is
complete. Since limits of sequences are unique (the easily proved analogue for metric
spaces of Exercise W18a) of Worksheet 6 in Calculus III, Fall 2022), this implies
a € N. Thus N contains all limit points of sequences in N and hence is closed.

Remarks: By the term “limit point” I mean just “limit”, but some people would
interpret “limit points” as “accumulation points” of not necessarily convergent se-
quences. In fact, since closed subsets are also characterized as subsets containing all
their accumulation points, both views are admitted for this exercise.

Note that in b) the completeness of M is not required, and hence b) holds also for
complete subspaces of incomplete metric spaces.

31 a) Set x = ( sinz cosw )T for x € [0, 27).
In what follows, all maxima are taken over x € [0,2m) (or over R, which amounts to
the same).

2
2 2

|A|| = max {|Ax|} = max{‘( 2sin 2 cosx )‘} = max{\/Q (ZSinx—i—Qcosx)2} =4

2sinx + 2cosx

i) The norms of A = ( > are shown below.

|A|lF = V22 +22 422422 =4

Therefore for A = ( g 3 >, |A] = [|A]lp.

ii) The norms of A = ( g _03 ) are shown below.
B B 2sinx B C N2 (L 20 _
||A||—max{|Ax|}—maX{‘( _3COS$)‘}—maX{\/2(Sm:E) + (—3cos ) }—3

[AllF = V22 +02+0%+ 3> =V13

Therefore for A — ( - ) IA] < [ Al



1
iii) The norms of A = ( (2)

N[ H_

1 > are shown below.

5 COSZL‘

2
2 1 2
= max \/(—smxicosx) (—cosa:) = Z—i-g: +\/_z1.207,

l .
|A| = max {|Ax|} = max{’( jsing & cos )‘}

12 12 6
||A||F:\/§ +12+02+5 :§z1.2z5

(For the forrner usmg the Calculus I machinery one finds that  + (3 sinz =+ cos x) +

(2 cos x) = 1+ cos’x £ sinz cosx is maximized at z; = £7/8 and x, = +57/8
with value % + %\/i = M )
: :I:l
Therefore for A = (2) A < [JA| e
2
Remark: Here is the alternative computation using the formula ||A|| = v/p (ATA):
1 1
B=ATA = (fl j?) :
2 1
3 5 1 3 1
)= X2 ox 42 S ox2_2x 4
ve(X) 2" 16 1 2 T e
1(3 9 4 1 1 2
Mp=- (24422 —(3i2 )_—<1i 2) ,
V2T (2 4 16) 4 v2) =g (1=v2
1 2
p(B):)\l—Z<1+\/§> ,

b) Suppose D has diagonal entries dy,...,d,, and assume w.l.o.g. that |d;| > |d;| for
2<i<n.

For e; = (1,0,...,0)T we have De; = (d;,0,...,0)" and hence |]|?:|1‘ = 1l — g
This shows ||D|| > |di].

Now consider an arbitrary nonzero (column) vector x = (x1,...,2,)" in R”. Then

Dx = (dyzy,. .., dyx,)7,
IDx|* = dia? + -+ d2a? < di(af+ -+ 2?) = di x|

= |Dx| / |x| < |dy]. This shows |D|| < |di], i.e., in all ||D|| = |d4].

¢) Since T is of class C!, the map x — Jp(x) is continuous. (Its coordinate functions are
the partial derivatives 0T;/0z;.) Since A +— ||A]| is continuous as well (the triangle
inequality implies |||A|| — ||B||| < ||A — B]|, so that § = € works in a continuity proof),
the composition x +— |[|[J7(x)|| is continuous. Hence, since ||J7(x*)|| = ||0|| =

there exists a ball B,(x*), » > 0, such that [|[Jr(x)|| < 1/2 for x € B,(x*). For



x € B,(x*) we then have ||J7(x)|| < 1/2. (The constant 1/2 is arbitrary; we could
achieve ||Jr(x)|| < €, for any given € > 0, by choosing r suitably.)

As shown in the lecture, we have T'(x) — T(y) = A(x —y) with A = fol Jr(x +
t(y — x)) dt. For x,y € B,(x*) and ¢ € [0,1] we also have x + t(y — x) € B,(x*)
and hence ||J7(x + t(y —x))|| < 1/2. Since for (continuous) matrix-valued functions
mm%wthM@mmmmmWﬁmmﬂgmm@wmmumm
don’t believe this, use the corresponding inequality for the Frobenius norm instead and
adapt the constants suitably), we obtain ||A|| < fol 1/2dt =1/2 and |T'(x) — T(y)| <
1 |x —y| for x,y € B,(x*).

d) We can take A = (3(/)4 3(/]4>. Since ||A|| = 3/4, we have

d(Ax,Ay) = |[Ax — Ay| = [A(x —y)| < [[A| x—y| = 3 [x —y| = d(x,y),

so that x — Ax is a contraction. But ||Al|, = 1/(3/4)% + (3/4)2 = /18/16 > 1.

32 Note that solutions of all three ODE’s must have non-negative derivative and hence
cannot decrease anywhere strictly.

a) The function f(¢,y) = |y| is continuous and trivially satisfies a Lipschitz condition with
respect to y (with Lipschitz constant L = 1, since |f(¢t,1y1) — f(t,y2)| = |1 — y2| <
1-|y1 — y2|. Hence solutions exist and are unique everywhere. The general solution is

. Cet i C >0,
e = cet o <o,

where C' can be any real number. This follows by considering the three cases y > 0,
y =0, y < 0 separately.

b) f(t,y) = v/|ly — y?| is C! on the three plane regions y < 0,0 <y < 1, y > 1, and does

not satisfy a Lipschitz condition with respect to y locally at points of the separating

lines y = 0 and y = 1. The latter follows from the fact that the derivative g—£ is

unbounded near y = 0 and y = 1. For example, for 0 < y < 1 we have

[f(ty) = f(t, 1) = -1 =

v :

1-2n
n—n>

becomes

for some n € (y,1), and for y (and hence 7) close to 1 the factor

arbitarily large.

The Existence and Uniqueness Theorem gives that solutions exist and are unique
locally at points within the three regions. At points (t,y) with y € {0,1} solutions
are not unique as the following explicit solution shows.

0<y<1 dy/y —vy? = 1-2y—1?2=1= arcsin(2y — 1) =t +C =
y=3 (1—|—smt—|—C’) %(1+cost+0’))



4l

Figure 1: The solution y(¢) from H32b)

y>1:dy/\/y?—y=2dy/+/(2y—1)2 —1=1= arcosh(2y — 1)

=t+C =y = 3(1+cosh(t + C))

y <0: dy//y? —y—2dy/\/ 1—2y)2—1=1= —arcosh(1 — 2y)

=t+C =y = 1(1—cosh(—t+ "))

Solutions from the 3 cases can be glued together at y = 0 and y = 1 to satisfy the
same initial conditions as the constant solutions. One particular example is

s(1 —cosh(—t —m) fort < —m,
y(t) = %(1 + cost) for —m <t <0,
(1 + cosht) for t > 0;

see Figure 1. When constructing solutions, there is more degree of freedom, e.g., we
can make solutions follow the line y = 0 for a while, then branch off and flow into the
line y = 1, follow this line for another while, etc.

33 According to Picard-Lindelof iteration, we have
t
¢k+1(t) :y0+/ f(87¢k(8)) d87 k:OaLQa'--
0

6



Note that in this case ¢x(t) and y, are vectors in R?, and the notation used is somewhat
inconsistent with “¢ = (¢1,¢2)"™” in the statement of the exercise (but preferred for its
simplicity).

Since ¢o(t) = ((1)) = 1o, we have

o) =m+ [ sonas= (1)« [ () as=(1)+(0) = (1)
oty =m+ [ sanas=(5)+ [ () as= () (3) = ("1 %),
(

o (FAE ) )
> o1 e s

34 Consider the function ¥(t) = ¢(—t), also defined for t € [—r,r]. We have ¢(0) =
#(0) = o, say, and

Hence both ¢ and ¢ solve the IVP ¢ = f(t,y) A y(0) = yo. Since f satisfies the
assumptions in the Existence and Uniqueness Theorem(s), it follows that ¢ = 1, i.e.,
o(t) = ¢(—t) for t € [—r,r]. This is the indicated symmetry property.

Remark: It is sufficient to assume that f satisfies locally a Lipschitz condition with
respect to y, which is weaker than “Lipschitz condition per se”.

35 a) (N1), (N2) follow from the corresponding properties of the Euclidean length. For
(N3) this is also true, but here we give a detailed proof: The triangle inequality for |-|
yields for x € R with |x| = 1 the estimate

(A +B)x| = |Ax + Bx]| < |Ax| + [Bx| < | Al| + B
Taking the maximum over all such vectors x then gives

|A + B|| = max{|(A + B)x|;x € R", [x| = 1} < [[A[| +|B].



For (N4) we can argue as follows:

[(AB)x|

]

[(AB)x| = [A(Bx)| < [|A[|[Bx| < [[A[||[B] [x] = < [|A]IB]] for x # 0

Taking the maximum over all vectors x € R"™ \ {0} then gives ||[AB|| < ||A] [|B]|-
(Alternatively we can restrict the above computation to vectors x of length 1, resulting

in |[(AB)x| < ||A]| ||B]|, and then take the maximum over those vectors as in the proof
of (N3).)

Since the Frobenius norm is a matrix analogue of the Fuclidean length on R™, it
clearly satisfies (N1)-(N3). For the proof of (N4) we write A = (a;;), B = (b;5), so
that AB = (¢;;) = O, aikbkj):jzl‘ Denoting the i-th row of A by a; and the j-th
column of B by b;, we have

Cij = a; - bj,

C?j < |ay? |bj|2 : (Cauchy-Schwarz Inequality)

Summing these inequalities over 7, j gives

IAB[; < > |ay* b]* = (Z|ai|2> (Zlbjl2> = AR B,
i=1 j=1

ij=1
and (N4) follows.

It suffices to show |Ax| < [|A|lp for all vectors x € R™ with |x| = 1. Using the
notation introduced in b) we have

Ax =

(- %)* < Ja[* [x|* = [ai] .
2 2 2
= [Ax" =) (ai-x)’ <) |al’ =A%
i=1 i=1
This proves |[Ax| < [|A||y and implies the desired inequality ||A| < [|Alp for A €
R™ ™ Remark: The matrix norms considered so far and their properties remain true
if R" is replaced by C™ and the Euclidean length on R” by |x| = /3., |#;]>. The
above proofs remain valid for C", provided we change squares of real numbers to
squared absolute values of complex numbers, e.g., (a; - x)? becomes |a, - x|*.

As shown at the end of lecture14-16_handout.pdf, |A|” is the largest eigenvalue of
ATA. Applying this to AT, we see that HAT”2 is the largest eigenvalue of AAT. But
the eigenvalues of ATA and AAT are the same (cf. Math257 in Fall 2022, Exercise

H46 ¢) of Homework 9), and hence the same is true of the (spectral) norms of A and
AT



)

If A is invertible then so is ATA (cf. Math257 in Fall 2022, Exercise W26 a) of Work-
sheet 7). Hence hence all its eigenvalues are positive and 1//\,, is well-defined.

Since (A"H)T A1 = gAT)f1 ATl = (AAT)_I, the eigenvalues of (A)T A~! are
AL >t > > A7 (ef. Math257 in Fall 2022, Exercise W34 a) of Worksheet 10).
Thus we have |[A~![* = A~ as claimed.

The entries of ATA are the pairwise dot products of the columns c;,...,c, of A. In
particular we have
n n
2 2 2
tr(ATA) =D (ATA), =lei]’+-+ e = ) af; = |All.
i=1 ij=1

On the other hand, tr (ATA) is equal to the sum of the eigenvalues of ATA. Both
identities taken together give HA||% =M+ F A, Ley JAlF = VA + o+ A



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 7

Differential Equations (Math 285)

H36 Use the phase line to investigate the stability of the equilibrium solutions of the
following autonomous ODE’s.

a) ¥y =201—-y)(1—¢¥); b)) y=01-y)14-y); c) y =sin’y.

H37 From a previous final exam

Consider the differential equation
(3zy + 2y*) dz +(32° + 6xy + 3y*) dy = 0. (DF)

a) Show that (0,0) is the only singular point of (DF).

b) Transform (DF) into an exact equation and determine the general solution in
implicit form.

c) Is every point of R? on a unique integral curve of (DF)?

H38 Determine a real fundamental system of solutions for the following ODE’s:

a) y’ 4y +4y—0

b) y" — — 5y’ 4 6y = 0;

c) y” 2y”+2y—y=0

d) y" —y=0;

e) yW +y=0;

£) y® +4y© + 6y@ + 4y” +y = 0.

Four answers suffice.

H39 Determine the general real solution of

a) ¥ +3y + 2 =2 d) y" = 29" +y' =1+ ¢ cos(2t);
b) 'y =12y =1+ 1% e) Yy +2y" +y = 25e*;
¢) y" — by’ + 6y = 4te' — sint; f) y™ =tet, n € N.

Four answers suffice.

Due on Thu Apr 11, 10 am

General solution techniques for higher-order linear ODE’s with constant coefficients (re-
quired for H38 and H39) will be discussed in the lecture on Wed April 3.



Solutions (prepared by Liang Tingou and TH)

36 a) Setting y’ = 2(1—y)(1—e¥) = 0 gives the two equilibrium solutions y; = 0, y = 1.
The graph of ¢ versus y is shown below. So y; = 0 is an asymptotically stable stable

2 1 1 1 | | l 1
-2 -1.5 -1 -0.5 0 0.5 1 15 2

y

Figure 1: H36a)

equilibrium, while y5 = 1 is an unstable equilibrium.

b) Setting v’ = (1—y?)(4—y?*) = 0 gives the four equilibria y; = =2,y = —1,y3 = 1,94 =
2. The graph of 3 versus y is shown below. So y; = —2, y3 = 1 are asymptotically

Figure 2: H36b)

stable solutions, while yo = —1,y, = 2 are unstable solutions.

c) Setting i’ = sin’y = 0 gives infinitely many equilibrium solutions, viz. y, = k7
(k € Z). The graph of y' versus y is shown below. So all equilibria are semistable
(asymptotically stable from below, unstable from above).

37 a) M(x,y) = 3zy+2y? = y(3x +2y), N(z,y) = 32 + 62y + 3y* = 3(x + y)? have no
common zero except (0,0). = (0,0) is the only singular point.

b) We have
M, — N, =3z +4y — (6x + 6y) = =3z — 2y = M(—1/y).

Thus (M, — N,)/M depends only on y, and there is an integrating factor of the form
9(y)-



/ \ / \ [ \ \ \
08| o I [ [ [ [ =

fity)

N e e N WY (N U N B

o2 | \ \ (R

Figure 3: H36¢)

The integrability condition (¢M), = (g/N), then becomes ¢’ M + gM, = gN,, i.e.,

J = g(N; — M,) _9
M Y
The solution of this ODE is ¢g(y) = cy, so that we can take g(y) = y.
= On R?\ z-axis the ODE (3zy + 2y?) dz +(3z% + 6xy + 3y*) dy = 0 is equivalent
to the exact ODE

(3xy2 + 2y3) dx + (3x2y + 6zy® + 3y3) dy = 0.

An antiderivative f of the corresponding exact differential is determined in the usual
way by “partial integration” with respect to x, say.

fla,y) =32°" + 22y + g(y),
fy(z,y) = 32%y + 62y° + ¢'(v) L 322y + 6xy* + 3y°

= ¢ (y) =3y’ = g(y) = 1y + C = fa,y) = 2% + 20 + y* + C
The general implicit solution of the exact ODE is then given by (in slightly simplified
form and with a different C)

622y +8xy° + 3y =C, CeR.

Solutions with C' < 0 don’t exist and for C' = 0 the z-axis is obtained, since 6 zy? +
8xy® + 3yt = y*(62% + S8zy + 3y?) and the quadratic has discriminant 8 —4 .63 =
-8 < 0.

Since the z-axis (equivalently, the function y(z) = 0) is a solution of (DF), multipli-
cation by y hasn’t introduced any new solution, and 6 22y? +8xy®> +3y* =C, C > 0
solves (DF) as well.

¢) Yes. This is implicit in the preceding discussion. Intersection points of integral curves
must be singular, so that the only candidate for such a point is the origin. But the
corresponding contour of f, the 0-contour, consists of a single integral curve, viz. the
T-axis.

Remark: Part c) serves as an illustration for the fact that at singular points vir-
tually anything can happen. Here it is due to the fact that at (0,0) the partial

3



derivatives of f up to order 3 vanish. In the lecture we have seen an example
of a singular point being on exactly two integral curves (Example 8 of the intro-
duction, lecturel-3_handout.pdf, Slides 31ff), and another one with a singu-
lar point contained in infinitely many integral curves (the example at the end of
lecturel7-18 handout.pdf). Singular points contained in no integral curve are also
possible: For exact equations w = df = 0 this happens at a strict local extremum of
f, where the corresponding contour reduces to a single point (at least locally).

38 a) The characteristic polynomial is a(X) = X? —4X + 4.
The only root is x = 2 with multiplicity 2.

So, a real fundamental system of solutions is e, te?.

b) The characteristic polynomial is

a(X) = X* — 2X* —5X + 6
=(x—1)(z+2)(z—3)

The roots are x1 = =2, x5 = 1, 3 = 3, all with multiplicity 1.

So, a real fundamental system of solutions is e ™2, e, €.

¢) The characteristic polynomial is

a(X)=X?-2X*+2X -1

= (X -1 <X_1_T\/§)i> (X_1+T\/§i>

1—/3i _ 14+/3i
2 3= T

The roots are x1 = 1, x5 = with multiplicities 1.

So, a real fundamental system of solutions is e, es cos (%325), es sin (‘/TP:t)

d) The characteristic polynomial is

a(X)=X>—1
1 3 4 .
() (5 18)
2 2
The roots are 1, _1_2*@1, _““2*/31 with multiplicities 1.

So, a real fundamental system of solutions is e?, e~*/2 cos (%gt), e Y2sin (@t)

e) The characteristic polynomial is
a(X)=X*+1
= X*+2X*+1-2X?
= (X* 41 = (V2X)?
= (X% +V2X + 1)(X? = V2X + 1)

() ()



+v2+2i (
2

The roots are all 4 combinations) with multiplicities 1.

So, a real fundamental system of solutions is e Tt cos(%it) , e 7! sin(ﬁt) , €
%t sin (‘/7525) .

f) The characteristic polynomial is

a(X)=X®+4X5 +6X* +4X2+1
— (X2 + 1)4
= (X —)HX +1)*
The roots are 1 =i and xy = —i, each with multiplicity 4.

So, a real fundamental system of solutions is
cos(t), tcos(t), t2cos(t), t3 cos(t), sin(t), tsin(t), t2sin(t), t*sin(t).

39 a) Using the method for determining the solution of inhomogeneous linear ODE’s
stated in the lecture slides, we have b(t) = 2 = 2¢%.
So, u=0.
The characteristic polynomial is

a(X)=X*+3X +2
=(X+1)(X+2)

The roots are x1 = —1 and zy = —2 with multiplicities 1.

So, e7!, e7? form a fundamental system of solutions.

Since ¢ = 0 has multiplicity 0, there exists a particular solution of the form y,(t) = c.
Substituting it into the ODE gives

260 = 2,

which gives ¢y = 1. (Alternatively, y,(t) = %ﬂ) b(t) = ﬁ =1,

So, the general real solution is y(t) = cie™ + cpe™* + 1, ¢; € R.
b) b(t) =1+t = (1 +t*)e"

So, = 0.

The characteristic polynomial is

a(X)=X*+X —12
= (X +4)(X —3)

The roots are x1 = —4 and x5 = 3 with multiplicity 1.

So, e~#, 3! form a fundamental system of solutions.

Since p = 0 has multiplicity 0, there exists a particular solution of the form y(t) =
co + c1t + cot?. Substituting it into the ODE gives

262 —+ 2C2t +c — 12(C2t2 -+ Clt -+ CO) =1+ tQ,
—12¢ot% + (—12¢; + 2¢2)t + (—12¢o + €1 + 2¢2) = 1 + #2.



The solution is

Cy = 12
Cc1 = —7—12
Co — —%
Therefore, the general real solution is y(t) = cie™ + cpe® — 22 — Lt — 112 ¢; € R.

¢) The characteristic polynomial is

a(X)=X?—5X +6
— (X —2)(X —3)

The roots are z; = 2 and z, = 3 with multiplicity 1. So, €%, 3! form a fundamental
system of solutions.

We now calculate particular solutions for y” — 5y’ + 6y = 4te! and y” — 5y’ + 6y =
— sin(t).

i)y — 5y + 6y = 4te
1 =1 has multiplicity 0.
So, the correct ,,Ansatz“ is y1(t) = (co + c1t)e’, ¢; € R. Substituting it into the
ODE gives

(2co — 3¢y + 2cit)e’ = 4tel,
which gives
So, y1(t) = (3 + 2t)e".

Cl = 2
Co — 3
ii) y" — 5y + 6y = —sin(¢)
We consider the ”complexified” ODE 3" — 53 + 6y = —elt. The imaginary part
of any particular solution of the complex ODE will solve the real ODE.
b(t) = —e' gives u = i, which has multiplicity 0.
So, the complex ODE has a particular solution of the form y.(t) = age®, ag € C.
Substituting it into the ODE gives

Sage — 6ie = —e',
which gives ap = —75 — 751 and y.(t) = == e'.
- S WV O s VRS B
(Alternatively, y.(t) = ¢ =rEee =5 =10 €¢)

Therefore, yo(t) = —15 (sin(¢) + cos(t))

In all, a particular solution of y” — 5y’ + 6y = 4te’ — sint is y,(t) = (3 + 2t)e’ —
L (sin(t) + cos(t)). Therefore, the general real solution of this ODE is

y(t) = c1€” + cae™ + 3¢’ + 2te’ — s sin(t) — 5 cos(t), ¢ €R.

d) The characteristic polynomial is

a(X)=X*-2X? + X
= X(X —1)%



The roots are z; = 0 with multiplicity 1 and x5 = 1 with multiplicity 2. So, 1, €, te!
form a fundamental system of solutions.
We now calculate particular solutions for y” —2y"+y’ = 1 and y"”'—2y"+y' = €' cos(2t).

i) y/// _ 2y// + y/ -1
= 0 has multiplicity 1. So, y1(t) = cot. Substituting it into the ODE gives
co = 1, which gives y;(t) = t. (This solution can also be found by just looking at
the ODE.)

i) y" —2y" + vy = e’ cos(2t)
We consider the ”complexified” ODE y"” — 2" + ¢/ = e+t The real part of
any particular solution of the complex ODE will solve the real ODE.
b(t) = e1*2) gives = 1 + 2i, which has multiplicity 0.
So, the complex ODE has a solution of the form y.(t) = age'*?), ay € C.
Substituting it into the ODE gives

ao[(1 + 21)% — 2(1 4 21)% + (1 + 2i)]e1 20t = (0420t

which gives ag = —2—10 + lio i. (Alternatively, ag = —a(lim), which leads to the same
result.)
So, ya(t) = —55 € cos(2t)) — 15 €’ sin(2¢).

Therefore, the general real solution of y” — 2y” + 13 = 1 + €' cos(2t) is

y(t) = co+ cre’ + cote’ +t — 55’ cos(2t)) — 15 €' sin(2t), ¢ € R.
b(t) = 25e* gives pu = 2.
The characteristic polynomial is

a(X)=X"+2X*+1
— (X2 + 1)2
= (X 4+1)*(X —i)?

The roots are 1 =i and xo = —i, both with multiplicity 2, which means p = 2 has
multiplicity 0.
cos(t), tcos(t), sin(t), tsin(t) form a fundamental system of solutions.
There exists a particular solution of the form y,(t) = cpe?. Substituting it into the
ODE gives

co(2* 42 x 2% 4+ 1)e* = 25¢*,

25 25 __
@ %5 = 1)

which gives ¢ = 1. (Alternatively, co =
Therefore, the general real solution is

y(t) = c1 cos(t) + cot cos(t) + czsin(t) + eyt sin(t) +e*, ¢ € R.

b(t) = te' gives p = 1.

The characteristic polynomial is a(X) = X™ with root 0 of multiplicity n. (For n =0
there is no root, but the multiplicity is still correct.)

Then, 1, t, t2, ..., t"! form a fundamental system of solutions.



A particular solution is given by y(t) = (co + ¢1t)e’.
Substituting it into the ODE, we get

co +ney + cit)et = tet,
(

which gives ¢; = 1 and ¢y = —n.
So, the general real solution is

n—1
y(t) = (t —n)e" + Z a;it’, a; €R.
=0

For n = 0 this is true as well.



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 8

Differential Equations (Math 285)

H40 a) Suppose ¢: R — C solves a homogeneous linear ODE
Y™+ apy™ Vot ay +ay =0, a; €C, (H)
but no such ODE of order < n. Show that ¢, ¢, ¢", ..., ¢V form a

fundamental system of solutions of (H).

b) Find a fundamental system of solutions of the form ¢, ¢, ¢", ¢ for the ODE

H41 Do three of the four Exercises 4, 6, 14, 16 in the previous edition of our Calculus
textbook [Stel6], Ch. 17.3.
You may need to study the relevant material in [Stel6], Ch. 17, or [BDM17], Ch. 3.7,
3.8 first.

H42 For «, f € C consider the explicit so-called Euler equation
y”+%y’+§y=0 (t>0). (1)
a) Show that ¢: RT™ — C is a solution of (1) iff : R — C defined by ¢(s) = ¢(e*)

is a solution of
y'+ (a—=1)y + By =0. (2)

b) Using a), determine the general solution of (1) for («, 5) = (6,4) and (3,1).

H43 Optional FExercise

Suppose that y: R — C solves some homogeneous linear ODE a(D)y = 3™ +
A1y + - 4 ayy + agy = 0 with coefficients a; € C (i.e., y is an exponential
polynomial). Show:

a) There is a unique monic polynomial m(X) € C[X] of smallest degree satisfying
m(D)y = 0.
b) If b(X) € C[X] satisfies b(D)y = 0 then m(X) divides b(X).

Hint: There is a link with the annihilator polynomials (periods) discussed in Math
257; see the section on companion matrices in lecture19-24 handout.pdf.

H44 Optional Ezxercise

For the following functions ¢;, find the homogeneous linear ODE 3™ +a,, ;™ +
-+ a1y + apy = 0 (a; € C) of smallest order having ¢; as a solution; cf. H43.

a) ¢1(t) =2sint — 3 cos(3t); b)  ¢a(t) = sint cos(3t);
c) ¢3(t) = —1+te* cost; d)  @u(t) = et + ¢1919 4 2019,



H45 Optional Exercise
This exercise shows that characteristic polynomials a(X) of homogeneous linear
ODEs a(D)y = 0, respectively, homogeneous linear recurrence relations a(S)y = 0
are characteristic polynomials in the sense of Linear Algebra.

a) Show that the (complex) solution space V' of a(D)y = 0 is D-invariant, and
that the characteristic polynomial of the restriction DJ, is equal to a(X).

b) Show that the (complex) solution space V' of a(S)y = 0 is S-invariant, and
that the characteristic polynomial of the restriction S|, is equal to a(X).

Hint: In Math 257 we have characterized endomorphisms of finite-dimensional
vector spaces whose minimum polynomial equals the characteristic polynomial; see
the section on companion matrices in lecture19-24 handout.pdf. Do b) first,
which is easier.

H46 Optional Exercise

In the lecture we have found that the ODE 3" —13/—y = 1 and its discrete “analogue”
Yir2 — Yir1 — ¥i = 1 both have the constant function y(t) = —1 as a solution (of
course, with different domains R resp. N). Is this a pure coincidence or an instance
of a more general correspondence between the continuous and discrete case?

Hint: It may help to identify the discrete analogue of the exponential function e’ first.

Due on Thu Apr 18, 10 am
The optional exercises may be handed in until Thu Apr 25, 10 am.



Solutions

40 a) A linear dependency relation cod(t)+c1¢'(t) +co@d”(t) ++ -+ 10V (t) =0, €

R, says that ¢ solves the ODE (co/c,n)y+ (c1/cm)y +- -+ (Cm1/cm)y ™Y +y™) =0,
where m = max{0 < i < n — 1;¢ # 0}. Since this ODE has order smaller than n,
under the given assumption this is impossible. Hence ¢, ¢/, ¢", ..., ¢~V are linearly
independent in CE.

Differentiating both sides of (H) shows that ¢’ is a solution of (H) as well. Repeating
this argument then gives that all derivatives of ¢ are solutions. Since we know that

the solution space S of (H) has dimension n, the n linearly independent solutions ¢,
&, ¢", ..., ¢ Y must form a basis of S.

The characteristic polynomial of this ODE is X* — X3 — X +1 = (X3 — 1)(X —
1) = (X?+ X 4+ 1)(X — 1)% Its roots are A\; = 1 of multiplicity 2, and Ay/3 =
-3+ \/731 of multiplicity 1. A fundamental system of solutions is therefore e, te?,

e(F1HVBDY2 o(=1=VBD)t/2 We need to find a linear combination of these functions which
doesn’t solve an ODE of the same type and order < 4. Using the known properties
of polynomial differential operators p(D) (cf. lecture) and H43b), it can be shown
that any solution ¢(t) = cie’ + cot e’ + ceTIHVBIY2 4o o(1=VBDY2 With coeaey # 0
has this property. (Sketch of proof: p(D)é(t) = cip(1)e’ + cop(D)[te] + csp(Az)er?t +
cip(N3)ett = 0 iff eip(1)e! + cop(D)[te!] = csp(A2)e*?! = cyp(A3)est = 0 (since e,
te!, e*! eM! are linearly independent and p(D)[te!] € (e, te!)) iff p(X) is divisible
by (X —1)2, X — Xy, and X — )3, which in turn implies that p(D) is divisible by
(X — DX = M) (X — X3) = X* — X3 — X +1.) For example, we can take

o(t) = tet + %e(—1+x/§i)t/2 i %e(—l—\/gi)t/Q — el e 2 cos <\/§t/2> .
Remark: In Linear Algebra terms, a fundamental system of solutions of a(D)y = 0 of
the form y,7/,...,y" Y, n = dega(X), amounts to a representation of the solution
space as D-cyclic span (y, Dy, ..., D" 1y). Such a generator y always exists; cf. the
solution to H45a). A different proof, using polynomial arithmetic, can be inferred
from the solution above.

41 1) Exercise 4

a) From Hooke’s Law, the force required to stretch the spring is
k(0.25) = 13,

so k =13/0.25 = 52 [N/m]|. Adopting the standard units of measurement (N for
forces, kg for masses, seconds (s) for time, m for lengths), we get the ODE

d*x dx
2 — — 21 =
dt2+8dt+5 rz=0

The characteristic polynomial of this ODE is X? 4+ 4X + 26, with roots 21/, =
—2 £+ /221, and the solution is

z(t) = e (a cos(V221t) + ¢ sin(\/ﬁt)).

3



Since x(0) = 0, we have ¢; = 0.

7' (t) = —2cpe % sin(V221) + ey V22 e cos(V221)

Since 2/(0) = 0.5, we have ¢, = —1

5755 D0, the position (measured in m) at time ¢
(measured in s) is

—2t 1

xz(t)=e W%

sin(v/221).

0.06 —

0.05F | |
0.04F |
0.03 I
< 002 |

0.01 [ {

0.01 /

-0.02

4.5 5

Figure 1: z(t) = e_zt#ﬁ sin(v/22t)

2) Exercise 6

The condition for critical damping is

2 =4mk =4 x2x52=4%x 26

So, ¢ = 44/26 [N/m] will produce critical damping.
3) Exercise 14

a) By Kirchhoff’s voltage law (and using the indicated standard units of measure-
ment), we have

¢Q ., dQ
2% 4 24—% 4 200Q = 12.
e T T

The (monic) characteristic polynomial of this ODE is

a(X) = X*+ 12X + 100.



The roots are X = —6 4 8i, so the solution of the associated homogeneous ODE
(called complementary equation in [Stel6]) is

Qc(t) = e~ %(c1 cos(8t) + o sin(8t)).
For the method of undetermined coefficients we try a constant solution

Qp(t) = A4,
Q,(t) = Qy(t) = 0.

Inserting this into the ODE gives A = 12 = 2 50 a particular solution is

200 — 507
3

t) = —
@Qp(t) = ¢

and the general solution is

Q(t) = Qc(t) + Qp(t)

3
= ¢ %(cy cos(8t) + csin(8t)) + =0

The corresponding current is

_dQ

St

= e %[(—6c; + 8cy) cos(8t) + (—8¢; — 6cy) sin(8t)].

I(t)

Imposing the initial conditions Q(0) = 0.001 and I(0) = 0, we get ¢; = —0.059,
co = —0.04425.
Thus, the formula for the charge is

3
Q(t) = e7%(—0.059 cos(8t) — 0.04425sin(8t)) + =

and the expression for the current is

I(t) = 0.7375e % sin(8t).
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Figure 2: Q(t) = 5 (—0.059 cos(8t) — 0.04425 sin(8¢)) +
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Figure 3: I(t) = 0.7375¢ % sin(8¢)



4) Exercise 16

(a) The ODE becomes

d*Q d@ .

We need to re-compute a particular solution, which can be taken of the form
Qp(t) = Acos(10t)+Bsin(10¢). (This equivalent to the complexification ,, Ansatz*.
Let

Qp(t) = Acos(10t) + Bsin(10t),
@, (t) = —10Asin(10t) + 10B cos(10t),
Q" (t) = —100A cos(10t) — 100B sin(10t).

P
Substituting this into Equation (1), we have
2(—100A cos(10t) — 100B sin(10t)) + 24(—10Asin(10t) + 108 cos(10¢)),

+200(A cos(10t) + Bsin(10t)) = 12sin(10¢),
240 cos(10t) — 240A sin(10t) = 12sin(101).

So, A = —0.05, B = 0, which gives Q,(t) = —0.05 cos(10¢).
The general solution is

Qt) = Qc(t) + @p(t)
= ¢ %(cy cos(8t) + cysin(8t)) — 0.05 cos(10t)

And

_dQ
Cdt
= e %[(=6c; + 8¢y) cos(8t) + (—8c1 — 6cy) sin(8t)] + 0.5 sin(10¢t)

I(t)

Imposing the initial conditions @Q(0) = 0.001 and 7(0) = 0, we get ¢; = 0.051,
co = 0.03825.
Thus, the formula for the charge is

Q(t) = e %(0.051 cos(8t) + 0.03825 sin(8t)) — 0.05 cos(10t)
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Figure 4: Q(t) = e7%(0.051 cos(8t) + 0.03825 sin(8¢)) — 0.05 cos(10t)
42 a) If ¢(s) is a solution of
y'+ (e =1y + By =0,

we can use the variable substitution ¢ (s) = ¢(e®) and get the first and second deriva-
tive of ¢ as

This gives

This simplifies to

628(25//(68) 4 aes¢/(es) 4 5¢(€s) = 0.
Since ¢ > 0 is assumed, we can make the variable transformation ¢t = e®, i.e. s = In(t),
and obtain

6" (1) + atd/(t) + Bo(t) = 0,
&6+ /1) + Lot =0
Therefore, the function ¢(t) is a solution of Equation (1).

8



Conversely, if y(t) = ¢(t) is a solution of Equation (1), we can make the substitution
t = €° to obtain a function y(s) = ¥ (s). The derivatives can be represented as

dy _dyds _ 1dy

dt  dsdt tds’

d?y d 1dy 1 ,d%y dy
— (=) = (———)

ar " dt'tds’  £2'ds? ds
Hence the Euler equation is converted to
dy? dy
-7 -1 =
12 Tla—D+ 8y =0

b) 1) When (a, 8) = (6,4), the Euler equation can be converted to

dy dy
5—+4y =0.
a2 Pas T
The corresponding characteristic equation is X? + 5X + 4 = 0, and hence the
general solution of Equation (2) in this case is

y(s) = Cre ® + Coe™, s€eR.
Therefore, the solution of Equation (1) is

C; s
y(t):7+t—4, t> 0.

2) When (o, 8) = (3, 1), the Euler equation can be converted to

dy> dy

—— +2—= 0.

a0 ds YT
The corresponding characteristic equation is X% +2X + 1 = (X + 1) = 0, and
hence the general solution of Equation (2) in this case is

y(s) = Cre * + Cyse™®, seR.
Therefore, the solution of Equation (1) is

Cy  Cylnt
T
43 It is clear that there is a nonzero polynomial m(X) of smallest degree satisfying
m(D)y = 0, and division of m(X) by the leading coefficient shows that m(X) can be
taken as a monic polynomial.

Now suppose b(D)y = 0. Long division of b(X') by m(X) gives polynomials ¢(X),r(X) €
C[X] with degr(X) < degm(X) (possibly 7(X) = 0) and b(X) = q(X)m(X) + r(X).
Substituting D shows r(D)y = b(D)y — ¢(D)m(D)y = 0. By minimality of m(X) this is
possible only if r(X) = 0; = m(X) divides b(X) in C[X].

This proves b). For the proof of a) suppose that mi(X) € C[X] is another monic
polynomial of smallest degree satisfying m;(D)y = 0. Then b) gives m(X) | my(X). Since
m(X) and m;(X) have the same degree, they must be constant multiples of each other.
The constant must be 1 because m(X), m;(X) are both monic. Thus m;(X) = m(X),
and m(X) is unique.

y(t) = t>0.




44 a) (D? + 1)sint = (sint)” + sint = 0, (D? + 9) cos(3t) = cos(3t)” + 9cos(3t) =

45

—9cos(3t) + 9 cos(3t) = 0,

= (D% + 1)(D? + 9)[2sint — 3cos(3t)] = 0, since (D? + 1)(D? + 9) annihilates both
sint and cos(3t) and hence any linear combination of these functions. Using the same
argument as in the solution of H40b), if follows that (X2+1)(X?+9) = X*+10X2+9
is the monic polynomial of smallest degree annihilating ¢;, and hence the “monic”
ODE of smallest order having ¢; as solution is y® + 10y” 4+ 9y = 0.

olt) = L (& — e7it) (&8t 4 e73it) = L (efit — o—dit _ o2t | o2it)

The corresponding minimum polynomial is (X — 4i)(X +4i)(X — 2i)(X +2i) = (X* +
16)(X2%+4) = X* +20X?% + 64, and the desired ODE is y* + 20y” + 64y = 0.

¢3<t) —— + %te(_2+i)t + %te(_Q_i)t

The corresponding minimum polynomial is X (X +2—1)*(X +2+1)? = X (X% +4X +
5)2 = X° +8 X* 426 X3 +40 X? 425 X, and the desired ODE is y©® +8y* + 26y +
404" + 25y = 0.

The desired minimal ODE is (D — 1)D*?0y = (D202! — D2020)y = y(2021) _ y(ZOQO) =0.

a) As observed repeatedly, a(D)y = 0 implies a(D)Dy = a(D)y’ = 0. Thus V is

D-invariant.

Let f = D|,. Then a(f) = 0 because of the ODE, and hence the minimum polynomial
m(X) of f divides a(X). If there exists a solution y € V such that y, 7/, ...,y™ " are
linearly independent (i.e., the D-cyclic subspace of V' generated by y is equal to V),
we can conclude as in b) that y¢(X) = a(X). The solution in b) also indicates how
to find such a function: Using the EUT, prescribe initial conditions y(0) = 3/(0) =
o= y7D(0) = 0, y™H(0) = 1 or, in vectorial form, (y(0),7'(0),...,y""1(0)) =

(0,...,0,1). Then y*) has initial values (y"(0),y*+9(0),...,y* "= D(0)) = (0,...,0,1,%,*,...).
———

n—1—k
Since the vector of initial values determines the solution (by the EUT), one sees as in
b) that y, 3/, ...,y Y are linearly independent.

a(S)y = 0 implies a(S)Sy = Sa(S)y = S0 = 0. Thus V is S-invariant.

Let f = S|,. Then a(f) = 0 because of the recurrence relation, and hence the
minimum polynomial m¢(X) of f divides a(X). If there exists a sequence y € V
such that y, Sy, ..., S Yy are linearly independent (i.e., the S-cyclic subspace of
V' generated by y is equal to V'), we can conclude that m¢(X) = a(X), and then in
turn x¢(X) = a(X), because dega(X) = n = dimV. A sequence y € V with this
property is easily found: Just use the last member e,_1 = (0,...,0,1,%,%,...) of the
—
canonical basis of V. (The remaining entries of e,_; are computed from the first n
entries and the recurrence relation.) The matrix formed by the first n coordinates of
€n_1, Sen_1, ..., S" te,_; is triangular with 1’s on the main diagonal, showing that
these sequences are linearly independent.

46 The discrete analogue of the exponential function, which satisfies De! = ¢!, is the
sequence e = (1,1,1,...), since Sx = x iff x is a constant sequence. Thus the solution

Y Y Y

10



y; = —1 in the discrete case is rather the analogue of —e’ than of the constant function
y(t) = —1 on R, and the observed phenomenon is merely a coincidence.

In fact we should think of ;1o — y;41 —v; = 1 as the discrete analogue of 3y’ — ¢/ —y = e,
which has the solution y(t) = —e~*. This is so, because the right-hand side of y; o —
Yis1 — ¥; = 1 is actually a sequence, viz. (1,1,1,...). In order to complete the picture,
consider the recurrence relation

5 1 if¢e=0,
Yi+2 — Yi+1 — Yi = Oio = 0 ifi>1.
This is the true discrete analogue of y” —1y'—y = 1. It has the solution yy = —1, y; = 0 for
i>1,ie,y=(-1,0,0,...) = —(d;0), which is the true discrete analogue of y(t) = —1.
The characteristic polynomial a(X) = X?— X —1 of the ODE /recurrence relation satisfies
a(0) = a(1l) = —1. This explains why in both cases the coefficient —1 appears: D1 =
De’t = a(0)1 = —1, De! = a(l)e' = —e'. Thus a(D)y = 1 is solved by y(t) = —1 and
a(D)y = €' by y(t) = —e'. The corresponding discrete analogues are: a(S)y = (d;9) is
solved by y = —(d;0) and a(S)y = e by y = —e. The full story is told in lecture23-27
(in the section “The View from the Top”): The exponential generating function map egf

identifies solutions of the linear recurrence relation a(S)y = b with solutions of the linear
ODE a(D)y = egf(b).

11



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 9

Differential Equations (Math 285)

HA47 Determine a fundamental system of solutions for Bessel’s ODE with p = %,

1 1
! _/ 1__ :0
y+ty+( 4t2>y 7

using the , Ansatz“ z = V1 y.

H48 The solution to this exercise provides an easy method for computing eA? for a 2 x 2

: by . :
matrix A = OCL g) o R?*2 (or C?*?). We assume throughout the exercise that

A is not a scalar multiple of the identity matrix Is.

a) Show A% = (bc — ad)ly + (a + d)A.
b) Use a) to show that there exist uniquely determined functions ¢y, c;: R — R
such that
eAt = Cp (t)IQ + 1 (t)A for t € R. (*)
Further, show that ¢y, c; are at least twice differentiable.

c) Show that cg,c; solve the homogeneous linear ODE of order 2 with charac-
teristic polynomial X? — (a + d) X + ad — bc and satisfy the initial conditions
c0(0) =1, ¢;(0) = 0 and ¢ (0) =0, ¢,(0) = 1.

Hint: Differentiate (%) twice.

d) By solving the IVP’s in ¢) determine e®! for A = ((1) ?)

H49 Solve the initial value problem

, (1 2 t (0
y = (3 6) y+ (sint) - ¥0)= (0) '
H50 Optional Ezxercise

The function e’ has no zero and satisfies ' = y. The function sin¢ has no zero in
common with its derivative cost and satisfies y” = —y. Generalizing this observa-
tion, show that a nonzero C"-function f: I — R on an interval I C R of positive
length satisfies an explicit (possibly time-dependent) homogeneous linear ODE of
order n if and only if ,v/,...,y™ Y have no common zero.

Hint: For the if-part work with the function ¢ — f(¢)2 + f/(t)* +--- + f"V(¢)%

Due on Thu April 25, 10 am

The optional exercise is instructive and quite short. It should be handed in on April 25
as well.



47 Using the Ansatz z = \/ty, we have

—\fy+2\/_

1\ s
dtQ—\/_"—i-\/_y—f—( 4)t2y
2

sd°z
— 442 = 4t%y" 4+ Aty — y

di2
Rewrite the ODE and substituting the above expression, we obtain

47y" + Aty + (442 — 1)y =0

— 422" + 4%y = 0
— 43 (z+2") =0
— M +2=0
The characteristic equation of 2’ + z = 0 is r> +1 = 0, so that r, =i, ry = —i.

. 2(t) = ¢y cost + cpsint,
cpcost N Ccosint
Vi Vi

y(t) =
cost sint

Thus a fundamental system of solutions for the ODE is T

48 a) This follows from the Cayley-Hamilton Theorem, which says xa(X) = A% — (a +
d)A + (ad — bc)Iy = 0. Here is a direct proof:

w=( () (i )

=(a+d) <a Z) + <a2+bc_()(a+d)a d2+bc—0(a+d)d)

= (a+ d)A + (bc — ad)Is.

b) The relation A? = aly + BA (o = bc — ad, 8 = a + d) can be used to express any
power AF as a linear combination of I, and A. It follows that

n

for certain functions f,,, g,,: R — R. Since the left-hand side converges to e®!, so does
the right-hand side, and hence the function sequences (f,,), (g,) converge (point-wise)
to functions f resp. g such that eA' = f(¢)I, + g(t)A for t € R. This representation
is unique, since Iy and A are assumed to be linearly independent.

From the lecture we know that d et = AeA?. This can be iterated to yield < 1 tQ e

A%eA! (and likewise ;k e A’C At for all k € N). Hence the functions f, g, which

are the coordinate functions of ¢ — eA* with respect to the “matrix basis” I, A, are
twice differentiable as well (even of class C*).

Thus the assertion holds with ¢y = f, ¢; = g.

2



c¢) Using the observation made about the derivatives of ¢ — e in b), we obtain

eAt = Co(t)IQ + Cl(t)A,
(DI + ¢ (1) A, ()

for t € R. Together with a) this yields

0= A2%A — (a+ d)Ac® + (ad — be)e™
= (c§(t) = (a+ d)cy(t) + (ad — be)co(t)) Iz + (¢](t) — (a + d)ci(t) + (ad — be)er () A

for all ¢ € R, which can only hold if the coefficient functions of Iy and A vanish, i.e.,
co, 1 solve the homogeneous linear ODE with characteristic polynomial X? — (a +
d)X + ad — be. The asserted initial conditions follow by substituting ¢ = 0 into the
Ist and 2nd equation of (x%) and comparing coefficients of Iy, A.

d) According to a) the given matrix satisfies A2 — A — 61, = 0.
= ¢y, c1 solve y”" — 1y’ — 6y = 0, which has characteristic polynomial X? — X — 6 =
(X 4+ 2)(X — 3). The general solution of this ODE is y(t) = a;e " + aye®, with
initial conditions y(0) = a; + a2, ¥'(0) = —2a; + 3as. A short computation yields

co(t) =2e 4+ 26% ¢(t) = —f e % + L ¥ and hence

3 2 1 0 1 1 0 6
At _ [ 2 -2t |~ 3t e A ;17
e —<5e +5e)(0 1)—|—( 5e —|—5e)<1 1)

B 1 3 e—2t + 2 eSt —6 6_2t + 6 e3t

- 5 (_82t+63t 2e72t_’_363t ) °

49 For A = (1 2) the identity A% = TA is easily verified. It is a special case of the Cayley-
Hamilton Theorem or of H48 a). From it we obtain A% = 7TA% = 72A, A* = T2A% = T3A,
etc., and in general A¥ = 7*=1A for k£ € N by induction.

t? t3
eAt:IQ+tA+5A2+§A3+---
72 7243
=L+ tA+ S A+ o At

R () R (et Tt ) B ( (e I e )

Alternatively, we can proceed as in H48d) to determine e
The particular solution y(¢) of the inhomogeneous system satisfying y(0) = 0 is of the

At



c(t) = /0 e A b(s)ds (since c¢(0) = 0)

LAY G () e

16 -2 Lo (12 s\ g

7))y [\=3 1)7° 3 6/|\sins) "
1 " (6s—2sins+se ™+ 2sinse™™ d

7 o \—3s+sins+3s e +6sinse " y

_ 1 312 — L (Tt +1)et"™) — L (cos (t) + 7 sin (¢))e"™ + 2 cos () — Z2
7 3t2——(7t+1) (=70 — 2 (cos (t) + 7 sin (t))e="") —cos(t)—%

3 42 4 (7 1
— y(t)_eAtc<t):< St° — t+—cos£t)+%e( ”—25 sm() 343 )

— 22— 2t — oL cos (t) + gz €T — L osin (1) + 5%

For the last two steps the computer algebra system SageMath was used.

Remark: There is a third way to determine a fundamental matrix of y’ = (1 2)y using the
eigenvalues and eigenvectors of (3 2). This will be discussed later in the lecture. An adhoc
solution, essentially equivalent to it, is the following: Since (32)( %) = (3), there is the
constant solution y;(t) = (% ). Then one needs to guess that a non-constant solution
of the form yy(t) = eM (}}) exists. Substituting this into the ODE gives AeM (1) =
yo(t) = (53)1(t) = eM (421%2 ). Comparing both sides, we obtain vy + 2v2 = Ay,
3v; + 6vy = Awvy. Thus Avy = 3Av; and, since A # 0, necessarily vo = 3v;. Then,
using the 1st equation, A = 7 since v; # 0. Hence y»(t) = €™ (}) is a solution, and
d(t) = (31 Se;t) is a fundamental matrix. From there we can either obtain eA! using
the formula eA! = ®(#)®(0)~! (cf. lecture) and proceed as above, or perform variation of
parameters with the fundamental matrix ®(¢) in place of eA! to obtain a solution of the

inhomogeneous system.

50 =: Suppose, by contradiction, that ™ (t) = ao(t)f(t)+ay(t)f (t)+ - Fan_1(t) fOD(t)
for all t € I and f(to) = f'(to) = -+ = f™ Y(ty) = 0 for some t, € I. Then both f and
the all-zero function on I solve the IVP y™ = ao(t)y+ai(t)y'+- - -+an_1(t)y "V Ay(ty) =

Y (to) = --- =y I(ty) = 0. The Uniqueness Theorem (for linear ODEs, say) then im-
plies that y = 0, which contradicts the assumption.

<=: Under the given assumption g(t) = f(t)?+ f'(t)*+- - -+ f*~V(¢)? is zero-free on I,

i.e., we can write
gt f@* S, fhe)?
e T T T

Multiplying this identity by f™(¢) gives
T A (01 1 O R A (07 (O L A (O) A O
PO="=0 " T @

which is an explicit homogeneous linear ODE of order n for f with coefficient functions

) F )"0
gty gty

aq (t) = an_l(t) =
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Differential Equations (Math 285)

H51 Determine the general solution of the following ODE’s (two answers suffice):

a) (2t+1)y" + (4t — 2)y' — 8y = (6t* +t — 3)e!, > —1/2;

b) (1 —t)y" +2t2—t)y +2(1+ )y =t*, 0<t<1;

c) (2 —4dt+4)'+ Bt —6)y +2y=12+1, t>2.
Hints: The associated homogeneous ODE in a) has a solution of the form y(t) = e**
and that in b) a solution of the form y(t) = ¢’ with constants a, 3. In both cases
a particular solution of the inhomogeneous ODE can be determined by reducing it
to a first-order system and using variation of parameters (though this may not be

the most economic solution). The ODE in ¢) is an inhomogeneous Euler equation
in disguise.

H52 Prove Leibniz’s rule for the n-th derivative of a product: If f,g: I — R are n-times
differentiable then so is F' = fg, and

D = Z BLEHEE

H53 On Hermite Polynomuals
In the lecture the Hermite polynomials H, (X) € R[X] are defined by H,(t) =
(=1)"e”D"[e ] for t e R (n=0,1,2,...).
a) Show that t — H,,(¢) is a polynomial function, justifying the definition.
b) Show that deg H,,(X) = n and the leading coefficient of H,,(X) is 2™.

c) Show that H, (X) satisfies the recurrence relation H,1(X) = 2X H,(X) —
2nH,_1(X), and compute H,(X) for n < 6.

d) Show that ¢t — H,(¢) solves Hermite’s differential equation y” — 2ty 4+ 2ny = 0.

Hint: The equation is equivalent to Ly = 0, where L = D? — 2¢tD + 2nid.
Express L[H,(t)] in terms of D"[e~*'], D"*[e~*], D"*2[e~*], and rewrite the
latter using D"+2[e~*"] = D" [—2t e *].

H54 Compute the Taylor series of z — 1/(2?+1) at a = 1 (and, optionally, at a = 1+1).
Hint: Proceed as for z + 1/(1 — z) in the lecture and then use partial fractions.

H55 Using power series, solve each of the following initial-value problems:

a) t(2—t)y —6(t—1)y —4y =0, y(1)=1, y'(1) =0;
b) v + (t2 +2t+ 1)y —(4+4t)y=0, y(-1)=0, y(-1)=1.

1 PLEASE TURN OVER



H56 a) Find 2 linearly independent solutions of y” + 3y + 3t%y = 0.

b) Find the first 5 nonzero terms in the Taylor series expansion about ¢ = 0 of
the solution y(¢) of the initial value problem

y'+ 3y + 3Py =€, y(0) =14/(0) =0.

H57 A Problem from Sunday’s Lecture

Suppose («,) and (u,) are sequences of nonnegative real numbers satisfying

o, < imak (n > 2)’

— n(n—1) -
Uy = 2 n(n 0 ——u, (n>2),

for some constant M > 0.

a) Show «,, < u, for all n.

Un+1 __
mil

Hint: Express u,,, in terms of u,,.

b) Show lim,
c) Is the sequence (u,) (and hence («,,) as well) necessarily bounded from above?

H58 For each of the following ODE’s, find two linearly independent real solutions.
a) dzy’ +3y =3y =0, zs0;
b) 2y’ —x(l+a)y +y =0, zs0;
c) 22" +xy + (1+2)y=0, x>0.

Due on Thu May 9, 10 am
Exercise H58, which requires a lot of work, can be handed in until Sat May 11, 10 am.



Solutions (prepared by Li Menglu and TH)

51 a) Let y1(t) = e, so that y|(t) = ae®, y"(t) = a?e®". Substituting these into the
associated homogeneous ODE, we get

(2t +1)a® + (4t —2)a —8 =0 = (2a* + 4a)t + o — 2a — 8 = 0

2

a=—2 = y(t) = e * is a solution.

Setting yo(t) = u(t)e~? and substituting this into the ODE (cf. “order reduction” in
the lecture), we get for u'(¢) the 1st-order linear ODE

—2e™* At —2 At — 2
"(t 2 "t)=0 <= u"(¢ —— —4)d(t) =0.
”(H{ e +2t+1}“() “()+(2t+1 )“()
- A2 + 1 42 + 1
() = ef BRI _ 2oy L 1)2 sy p) = T+e2t — ) = 2*
—2t 2,1
| Y Y2 || € 20045 | _ 2 ot
W_’yi o, —‘_26_% 4t =(2t+1)%e " #0
= y1(t), y2(t) form a fundamental system of solutions of the homogeneous ODE.
For the inhomogeneous ODE in explicit form we have b(t) = &;;L—J:’I_S e'. Using variation

of parameters for the order-reduced 2x 2 system, we need to extract the first coordinate
function of

(y1 y2)/<y1 yz>_1 (0) df — (yl yz)/i (—yzb> ds
Yo N Yo b vow) ) wwmb)

262+ 1) (612+1-3) 3

L [—yab _ - (2t+1) ¢
/W(y1b>dt_/< (61241-3) 1 dt

(2t4+1)3

—12t34-8t245t—4 o3t
_ 6(2t+1)2
- 3t4+2 :

_St+2 ¢
@1z ©

We have

Remark: For the integration step we have used a computer algebra program. If r(t)
is any rational function (quotient of two polynomials) and a € C then r(t)e® can
be integrated in finite terms iff there exists a rational function R such that r(t) =
R'(t) + a R(t); if this is the case then [r(t)e® = R(t)e*. (This result is due to
Liouville.) Only few rational functions r(¢) have this property. In the two cases under
consideration one can find R(t) with some effort by using the ,Ansatz“ R = u/v?

v(t) = 2t+1, which the special form of the integrand suggests. The details are omitted.

o 123+ 82+ 5t —4 4, 4P4+1 3t+2

— t —
wlt) =e 62t 1)2 RSN
—12¢3 + 8t + 5t — 4+ 361> + 24t> + 9t + 6
= [§
6(2t + 1)
2413 + 32t + 14t + 2, N4
pu— = t -
sire  C -t



is a particular solution of the inhomogeneous ODE, and its general solution is
y(t) = cre™® + (4 + 1) + (t+ 1) €.
Remark: A much quicker (but in a way dirty) solution is the following. Using the
differential operator
L= (2t +1)D* + (4t — 2)D — 8id,

the inhomogeneous ODE can be written as Lly] = (6t> + ¢ — 3)e’. It is clear that L
maps the space of exponential polynomials of the special form p(t)e' = (py + pit +
<o+ + pat?)e! into itself. Thus we might hope for a particular solution of this form.
When determining the images under L of the first few exponential monomials,

Lle'] = (2t + 1)e’ + (4t — 2)e’ — 8! = (6t — 9)e’,

Lte'] = (2t + 1)(t + 2)e’ + (4t — 2)(t + 1)e' — 8te' = (6t* — t)e’,

we find that
60+t —3=L[te'| +1Ll'| =L[te'+1e] =L[(t+31)¢].

This gives the same particular solution as above. (The general solution is determined
in the same way as above.)

Let y1(t) = t7, so that y|(t) = BtP~1, y{(t) = B(B — 1)tP~2. Substituting these into
the associated homogeneous ODE, we get

P (1-t)B(B-1)t° 242t 2—) P +2(1+t)t° = 0= [+ 38+ 2+ (=8> — B+ 2)t]t’ =0

LB=2= )=t
Set yo(t) = u(t)t~% and substitute this into the ODE, we can get
—2t73  2(2—1)

" 2 / — " ’ .
“(tH{ 2 +t2(1_t)}U(t) 0= () + /(1) = 0
= t—1)° t—1)3
() = = (17 = u(t) = 3 S &gy = 3t2_)
- - = (-1 #0
‘ Yi Y 2478 (= 122 = 2t — 1)3 (=17 #

= y1(t), y2(t) form a fundamental system of solutions of the homogeneous ODE.

For the determination of a particular solution of the inhomogeneous ODE we proceed

as before, setting b(t) = t2(t12—t) =L

1 [ —yob(t) 4 (t=1)* 12
Jw ( 0N A T vl W Sy Ly )
n 210 t—1)°

) (1)
—ln(t—l)—i-%—Fﬁ

1 (t—1)3 2 1
=t 2t —In(t -1
Yp(t) t9t+ o ( n(t )+t—1+2(t—1)2)
234122 =21t 49— 6(t — 1) In(t — 1)

18t2




In the numerator of y,(t) we can subtract 2(¢t —1)* + 11 to change it into 18¢* — 27t —
6(t—1)3In(t — 1), since this amounts to adding a linear combination of y; (t) and y(t)

to y,(¢). This leaves the simpler function ¢ — 1 — 2 — (t;té)g log(t — 1). The general
solution of the inhomogeneous ODE is then

-1, 3 (-1

t) = ¢t 2
y(t) = et +om—p 2% 32

log(t —1).

c¢) Writing the associated homogeneous ODE as (t — 2)*y” + 3(t — 2)y’ + 2y = 0 and
setting t — 2 = o we get 2%y” + 3xy’ + 2y = 0, which is apparently an Euler equation
with @ = 3, 8 = 2. The indicial equation is r* + (a — 1)r + 3 = r? 4+ 2r +2 = 0. It has
roots 1y = —1+1, 1o = —1 — i, and hence a complex fundamental system of solutions
of the (untransformed) homogeneous ODE on (2, 00) is

Zg(t) — (t _ 2)—1—1 _ eln(t—2)(—1—i)'

A real fundamental system of solutions—strictly speaking, this is not required—is

y1(t) = Rez (t) = (t — 2) ' cosIn (t — 2),
Yo (t) = Imz (t) = (t — 2) *'sinln (t — 2).

Since the associated differential operator L = (t—2)?D?+3(t—2)D+2id maps the space
P, of (real, say) quadratic polynomials into itself, it is reasonable to guess that there
must be a particular solution of the form y,(t) = a(t —2)*+b(t —2) + ¢ = az? + bz +c,
x = t—2. Substituting vy = 2ax +b, ¥y’ = 2a into the inhomogeneous ODE, we obtain

1 4 5

10az® +5bx 4+ 2c = 2> + 4o+ 5 = a:E, b:5, c:§
1, 4 5 5 2 13
:>yp(t):1—0$ —|—5$+§:E +gt+m.

The general real (or complex) solution of (t —2)?y” +3(t —2)y’ +2y = t*+1 on (2, 00)
is therefore
y(t) =c1(t —2) " cosln(t —2) + co(t —2) " sinln (t — 2) + —t* + -t + —
10 ) 10
with ¢1,ce € R (resp., ¢1,¢o € C). For the complex solution we could have used the
complex fundamental system z;(t), 2(t) instead.

52 The formula can easily be proved by induction on n. For n = 0 it is trivial, and for
n = 1itis D(fg) = (Df)g + f(Dg), which is just the product rule of differentiation.



Assuming that the formula holds for n, we obtain

D" F = D(D"F)
= ( <Z> )(Dm* ) (inductive hypothesis)
k=0
~ n n—k . . . N
= ) )(D"*g)) (linearity of differentiation)
k=0
= Z (Z) ((D¥H f) (D" *g) + (D* f) (D" *g)) product rule
k=0
" /n
k=0
n+1 n n n
> (" 1) (D4 D ENg) + @ (D4 (D)
k=1 k=0

3

= OO+ OO0+ 3 (") + ()| orm
- Z (" M [EICER!

since (kfl) + (Z) = (”Zl) for 1 <k <n and ("gl) = (ZE) = 1. Thus the formula holds

also for n 4+ 1, and the proof by induction is complete.

53 a) If f is a polynomial function then

D [£(0)e ] = (e + fit)e " (=20) = (£/(t) = 2t f(1)e™* = F()e™, (M)

where F'(t) = f'(t)—2t f(t) is also a polynomial function. Starting with f(¢) = fo(t) =
1, it follows by induction that D"*[e~**] = f,(t)e~*" for some polynomial function f,.
Hence H,(t) = (—1)""" [D"e ] = (—1)"f,(t) is also a polynomial function.

b) From (H) we see that f, has degree n and leading coefficient (—2)™. Hence H,,(¢) has
degree n as well and leading coefficient 2™.

c) We have
Hypi (1) = (—1)" D" [De™] = (—1)" e’ D" [-2te ] = 2(—1)"e"" D" [te "]
=2(-1)" (tD”[e* ] + nD" e "’ ) (by Leibniz’ formula)
= 2t(—1)"e"D"[e "] + 2n(—1)"e" D" e "] = 2t H,, () — 2n H,_y(t).

This proves the recursion formula in view of the 1-1 correspondence between polyno-
mials in R[X] and polynomial functions on R.



Together with Ho(t) = (=1)%" (=) = 1, Hy(t) = (—1)'e” (=2t e*") = 2t the recur-
sion formula gives

Ho(X) =1,

Hi(X) =2X

Hy(X) = 2X(2X) —2.1=4X%-2,

H3(X) =2X(4X? - 2) —4(2X) =8X* - 12X,

Hy(X) = 2X(8X3 —12X) —6(4X? —2) = 16 X* — 48 X + 12,

Hs(X) = 2X (16 X* — 48 X? 4+ 12) — 8(8 X — 12 X) = 32 X° — 160 X* + 120 X,

He(X) = 2X(32X5 160X° 4+ 120X) — 10(16X* — 48X? 4 12) = 64.X° — 480 X* + 720 X? — 120.
d) We have

L[H,(t)] = (-1)"D*["D"[e"]] — 2t(=1)"D[e" D"[e™"]] + 2n(—1)"e" D"[e™""],
(—1)"L[H,(t)] = " D" 2e ] 4+ 22t D" [e ™| + (2 + 4t%)e" D" [e "]
— 2te” D" e '] — 2t 2te” D" [e ] + 2n e D" [e "],
(—1)"e " L[H,(t)] = D"*2[e™"] + 2tD" ™) + 2(n + 1)D"[e~"].
On the other hand, we also have

D"2[e~"] = D" =2t e "] = —2tD" e ] — 2(n + 1)D"[e ).

= (_1)ne_t2L[Hn(tﬂ = 0= L[H,(t)] =0, as desired.

54 a =1:
I 1 1/
241 (z—i)(z+i) 20\z—1 z+i
_loor
S \z—141—-1 z—1+1+i
1 | (z—1)" & (z—1)"
= — =L )=l
= n=0
= bu(z—1)"
n=0
with

- (_1)n (eiﬂ/4)n+1 _ (efiﬂ/4)n+1 B (_1)n ‘i (n—|—1)7r
" 9(nt)/2 2 — 9(n+1)/2 4

(

2-n/2-1 if n = 8k, 8k + 2,
—2=(tD/2 if p =8k + 1,

=<0 ifn=28k+3,8k+7,
—2 /21 if n = 8k + 4, 8k + 6,
2-(+1/2if n = 8k + 5.




This can also be written as

1 Z(z=1% /1 (-1 2—12 (z=1* (z—=1%° (=1
:E:L_J_<__< G VN G VN Gl Y >)'

2241 16¥ 2 2 4 8 s 16

k=0

and shows the known fact that > °°  b,(z—1)" has radius of convergence v/2 (the distance
from 1 to the smgularltles +i of 1/(22 +1)

_ _ 1
w Since (z— a)(z b)  a—b ( z—b

1
)-
- )

we obtain

1 1 i 1 1
2+1 (z—l—i+1)(z—1—i+1+2i_§(z—l—i+1_z—1—i+1+2i)
i , = (z—1—1)"
= - D"z —1-1)"=) (-1

= icn(z— 1—1)"
n=0

with

n+1
1—2i

i, a—arey o (58)

nT Ty En+1 9 5(n+1)/2

Since %‘ = 1, the last representation shows ¢, ~ (—1)"i/2 for n — oo, implying the

known fact that Y, c,(z —1 —1)" has radius of convergence 1 (the distance from 1 +1i
to the nearest singularity i of 1/(2? 4 1)).

55 a) We look for a solution in the form of a power series about ¢ty = 1. The series has

the form .
y(t) = a,(t—1)"
n=0

The point ¢ty = 1 is an ordinary point of the differential equation, so the power
series solution will be analytic at this point. Moreover, since the coefficient functions
p(t) = 7?('5_7;), q(t) = o t) of the corresponding explicit ODE have their singularities,
viz. t = 0 and t = 2, at distance 1 from t,, the radius of convergence of the power
series will be at least 1, and y(¢) will solve the ODE on (-1, 1).

Differentiating the equation term by term, we obtain that

o
= Z apn(t — 1)1
n=1

apn(n —1)(t — 1)"2

Mg

n=2

Substituting the above series into the original equation gives

t(2—t)§:ann(n—1)(t—1)” 6(t—1) Zan (t—1)" 42%15—1



Rewrite the series so that they display the same generic term and using ¢(2 — t) =
1—(t—1)* gives

o0

nya(n +2)(n+1)(t—1)" Zan n—1)(t—1)" 62% t—1)"

n=0
—4Zan(t -1t =
n=0

which can be simplified to

[e.e]

Z [(n+2)(n+ 1)ant2 — (n* 451+ 4)a,] (t —1)" = 0.
n=0
Hence the coefficients a,, must satisfy the recurrence relation
n? + 5n +4) n+4
Ont2 = ap =——a,, n=201,2734,...
2T n+2)(n+1) n+2

According to the initial conditions,
a=y(l)=1, a; =19 (1)=0.
The solution is ag, 1 = 0 for £ =0,1,2,... and

2k +2 2k+2 2k 4 2k +2
= g= .= e =g = =k+1 fork=0,1,2,....
a2k ok A2k—2 ok ok — 9 2&0 2 + or ) Ly &y
Substituting these coefficients into the original series, the solution of the IVP is
y(t) => (k+1)(E-1)*, -1<t<l
k=0

The radius of convergence of this power series is obviously 1.

Remark: Making the variable transformation x = ¢ — 1 early on saves some writing
(but otherwise leads to the same solution, of course).

We look for a solution in the form of a power series about ¢y = —1. The series has the
form .

n=0
The point ty, = —1 is an ordinary point of the differential equation, and the coefficient

functions p(t) = (¢t + 1)?, q(t) = —4(t + 1) are polynomials. Hence the power series
will have radius of convergence oo and y(t) will be defined and solve the ODE on R.
Proceeding as before, we obtain

i apn(n —1)(t+1)"2 + (t+1)° i ann(t+ 1)1 — 4t +1) i an(t+1)" =

Zan (n—1)( t—|—1"2—|—2annt+1"+1 42%75—1—1)"“ 0,
n=1

n=0

2ay + Z [(n 4 3)(n+ 2)anss + (n — 4)a,] (t + 1) = 0.



Hence the coefficients a,, must satisfy

n—4

. forn=01,23,....
(n+3)(n+2)(l orn

a; =0, apy3=—

The initial conditions are

Hence ag=a3=ag=---=0,a, =as =ag = --- =0,
1—14 3 1
Cl —_—— a = — = —
T+ +2) 12 4
4—4 0
ar=—————ay =0,
T A+3)4+2)
and ajg = a3 = --- = 0 as well. Substituting these coefficients into the original series,

the solution of the IVP is
1
Y= (t+1)+1(t+1)4, teR.

56 a) As in H55b) solutions at ¢ty = 0 must be analytic and exist on the whole real line.
The power series ,, Ansatz y(t) =, a,t" yields

iann D" 2+ t?’Zan " 1+3t2iant":0,
n=2 n=1 n=0
Z (n+4)(n 4 3)ansat"? + Z napt"™? + 3 Z ant"? =0,
n=—2 n=0 n=0

2a5 + 6azt + Y [(n+4)(n + 3)anes + (n + 3)a,] " = 0.
n=0

Hence the coefficients a,, satisfy

1
n+4

as=a3 =0, apq4=— a, forn=0,1,2,3,....
Two linearly independent solutions are obtained by setting (ag, a1) = (1,0) and (0, 1),
respectively, i.e.,

t4 t8 t12

fHl=1-2 _ 1.
n(t) 1718 1812

4k

(%

b
Il
o

t5 t9 t13
Ya(t) =t — -+

_1)k 4k+1
- +
5 5-9 5-9-13

(
5-9-13--- (4k + 1)

!
WE

b
Il

0

b) The right-hand side of the equation can be expressed using Taylor series as
2 43 4

oo n t
:Z—'_1+t+2'+3,+z+

10



Inserting this series into the ODE and using the initial conditions ay = y(0) =0, a; =
y'(0) = 0, changes the homogeneous recurrence relation in a) to the inhomogeneous

recurrence relation ag = a; = 0, ay = %, az = é, and
! + ! f 0,1,2,3
Opyg = — an, orn=20,1,2,3,...
T 44 (n+4)!

The latter is obtained from equating coefficients at t"*2, which gives (n + 4)(n +
3)anis + (n+3)a, = ] +2) The first few terms in the Taylor series expansion about
t = 0 of the solution are then

1 1 1 1 59 119 209 335 29737
D=t — 5 — 0 T T Ty o4+,
) =3P gt it 7l 8l o "o U
(We asked for the “first 5 nonzero terms”, because ag = —%—? disproves the apparent

pattern a, = %, which holds for n = 2,3,4,5.)

57 a) The assertion is trivially true for n = 0, 1. For n > 2 we may assume by induction
that o < uy for 0 < k < n.

1 1
Mk;+1 /f+1
k=0 k=0
b) We have
. n 1 n—1
Unp1 = (n+1)nz (k + =t (;0 (k+ Duy + M(n + )un>
~n(n—1Nu, + M(n+1u, (”_1)+M(n+1)u for n > 2

It follows that

-1+ M 1 24 (M -1 M
i Y n(n—1)+ M(n+ ):hmn—l—( n+

=1.

¢) The answer is “No”. For M < 2 the sequence (u,) remains bounded, but for M > 2
it diverges to +o0 (except in the trivial case ug = u; = 0, in which u,, = 0 for all n).

The sum of the coefficients in the definition of u,, is MZEZJ_“B/ 2 = 1\2/1((77:1)) ~ M/2 for

large n. For M < 2 the coefficient sum is < 1 for large n, and one can prove by
induction that (u,) is bounded. (We had a similar example in the lecture.)

We will now show that if ug, u; are not both zero and M > 2 then (u,,) is unbounded.
Applying the formula for u, 1 /u, repeatedly, we have

n

k(k—1)+ M(k+1)
w ] (k + D)k

Un4+1 =
k=2

This says that the numbers u,, are the partial products of the infinite product

T nn—1)+Mn+1)
H (n+1)n '

n=2

11



It is known that an infinite product [[°2,(1 + b,) with b, > 0 converges (equiva-
lently, is bounded) iff the series Y | b, converges. (In what follows we need only the
implication =, which is clear from [[,_, (1 +bx) > 1+ >,_, bx.) Since
n(n—1)+M(n+1) (M —2)n+ M (M —=2)n+M-2 M -2

=1 > 1 =1
(n+1)n i n?+n - n?+n * n

Y

the divergence of the harmonic series implies for M > 2 that lim,, ,. u, = 0o as well.
(For M = 2 the fact about infinite products quoted above shows that (u,) converges

in R, since this is true of the series Y7 | —1—.)
58 a) Rewriting the ODE as
/" 3 / 3
VAoV Y=o
we see that x = 0 is a regular singular point and
Py = 11_)I%:L‘43 = 2, Qo = hma:24—x3 =0

. = The indicial equation is

1
2+ (po— D)r +qo =12 —ZT’—O

—> The exponents at the singularity x = 0 are r; =0, r, = i Since r; — 19 IS not an
integer, there must be solutions y;(x), ya(z) on (0,00) of the form

In terms of the rational functions a,(r) defined in the lecture and textbook, the
coefficients of yi(x), yo(z) are a, = a,(0) and a,, = a,(1/4), respectively. (We use
‘a,,’ for both, in order to be compatible with the notation used in [BDM17], Theorem
5.6.1.)

i) r =0:

Substituting these into the ODE, we get

4i(n + Dna, 12" + 3 i(n + Day12" — 3 i apx" =0

= 3a;—3a9+ »_{[4n(n+1) +3(n+ 1)] ans1 — 3a,} 2" =0
n=1

3
= a1 =ay and an+1:(4n+3)(n+1)an for n>1.

12



Setting ag = 1, we have

2 32
727 "7 2113

3n71
-1 n
+$+Z7.11...(4n_1).ml’

y(z) =142+ z® 4

o 37L
1 n
+Z3 711 (dn—1)-n

=1

3

3n
3-7-11---(4n—1)-n!

I
NE
\.RB

Il
=)

n

using the convention that J[._,(4n — 1) = 1 (“empty product”).

i) ro = 4
Yo = zi Z anx’ = Z anar;’Hi
n=0 n=0
y’:i nJrl ax"‘i:i n+§ Q2"
2 4 n L 4 n+1

n=0

> 1 3 > 5 1
:L‘yg = Z (n + Z_l) (TL — Z) anxn_% = Z (n + Z) (TL + Z_l) an+11‘n+i

n=0 n=-—1

Substituting these into the ODE, the coefficient of 23/ vanishes by construction,

and we get
5 1 5 ot 1
{{4(n+1) <n+1> +3(n+z)} anH—San}m ti=0

3a, B 3a,
A(n+2)(n+1)+3(n+2) C (4n+5)(n+1)

Setting ay = 1, we obtain

[M]#

I
o

n

for n>0.

— an+1::

TL TL

o0 o0 nl
2:: (An+1) =2 Sy

:O

»w
»w

As shown in the lecture, yi(x) and yo(z) are linearly independent. This is
also clear from the fact that y;(x) is analytic at z = 0 and y(z) = 2'/* x
"nonzero analytic” is not.

As discussed in the lecture (or see Theorem 5.6.1 in [BDM17], p. 227), a fun-
damental system of solutions on (—o00,0) is obtained by replacing the fractional
part 2" (if any) in the solutions by (—z)" = |z|". This doesn’t affect y;(x) (y1(z)
is analytic on R and hence solves the ODE on R), but y,(x) is changed to

7’L

" —0,0).
Z59 ot T €0

n=0

MH

?JQ

13



b) Rewriting the ODE as

! 1 / 1
y —(1+- )y +—5y=0,
x x
we see that x = 0 is a regular singular point with po = —1, ¢o = 1.
— The indicial equation is

4+ (po—Dr+q=r—17=0

—> The exponents at the singularity x = 0 are r; = ro = 1. Thus there must be
solutions y(x), y2(x) on (0, 00) of the form

yi(x) =1+ Z apr" yo(x) = y1(x) Inx + Z bt
n=1 n=1

1) T = 1:
yi = apz"
n=0
Yy = Z(n + Da,z",
n=0
r(l+z)y; = Z(n + Dayz™™ + Z(n + Dayz""?
n=0 n=0
= Z(n + Dayz™t + Z na, "
n=0 n=1
= Z [(TL + ].)Cln + nan_l] fL’n—H, (a_l = 0)
n=0
iy = 2? Z(n + Dna,a™ ' = Z(n + 1D)na,z" ™ = Z(n + Dna,a™.
n=1 n=1 n=0

Substituting these into the ODE, we get

Z(n + Dnapa™ — Z [(n 4+ 1)ay, + na,_] 2" + Z apa" !
n=0 n=0 n=0

(na, — na,_1)x" ™ =0.

M

n=0
Uy
—  q, = — L for n>1
n
Setting ag = 1, we obtain a,, = 1/n! and
oo :L’n
_ Y
yl(x)—xzon! ze”.
n=

14



ii) For the determination of y,(x) we use the recurrence relation for a,(r) derived in
the lecture; cf. also [BDM17], p. 223, Eq. (8). Since F(r) = (r—1) po = p1 = —1,
go = 1 and all other coefficients p;, ¢; are zero, we have

n—1
n k n— n—
an(r) = Flr+ ) kz:% T4 k)pn_i + Gn—i] ax(r)
-1 an_1(r)
S — Dprag(r) = —=1 > 1).
(T+n—1)2<r+n )pla 1(7') rtn—1 (n_ )
Setting ag(r) = 1, we get
1
a’1<r>_;7
1
ax(r) = r(r+1)’
(r) 1
a,(r) =
r(r+10)(r+2)---(r+n—-1)
A (1)
—  b,(r):=a (r)= "> n
()= ar) = 2 0,0
IS 1
B roor+1 r+n—1/r(r+1)(r+2)---(r+n-1)
1 1 1\ 1 H
by =b(1)=— (14 -dodeg—])—=_2n
— (1) (+2+3+ +n)n! n!
2, gntl =~ H >~ H
— n  n+l __ T n  ntl
— yz(x)—(ﬂZ:O o )hm—%n'x =zxe lnx—;ﬁx

The linear independency of y;(z), y2(x) was shown in the lecture.

A fundamental system of solutions on (—o0, 0) is formed by y;(z) and

9] H,
vy () = ve”In(—xz) — Z Fm”“, T € (—00,0).
n=1 :

Remark: The coefficients b,, can also be determined by substituting the ,, Ansatz*“

15



for y,(x) into the ODE. Writing L = 2?°D? — z(x + 1)D + id, we obtain

yo(z) = y1(z) Inx + Z bpx™,

n>0

yi(z) n—
vo(x) = yi(z) na+ =52 Y by

n>1

/! /! y X y X n—
W) = g+ 2 20 ISy e

X n>2
Z bnx”]

n>0

L{ya(x)] = Ly (z)]Inz + 2z yy(z) — (x + 2)ys(z) + L

=0+ 2x(z+1)e" — (x + 2)ze” + Z(nan —nb,_1)z" !

n=1

=g“e®

- 1
= Z n%b, — nb,_1 + —) e
— ( (n—1)!

L [y2(z)] = 0 is equivalent to an inhomogeneous linear recurrence relation for b,
which has the particular solution by = 0, b, = —H,,/n! for n > 1 (as can be seen
by introducing B,, = nlb,, which satisfies B,, — B,_1 = —1/n).

¢) Rewriting the ODE as
s 1, 1 1
y -y +|5+-)y=0
x 2z

we see that x = 0 is a regular singular point and

_.x . ol x
Do = glﬂlir(l]xe =1, q= ilg%as ol 1.
— The indicial equation is
P+ (pp—Dr+qg=r*+1=0.
= The exponents at the singularity x = 0 are r; =i, ry = —i. Thus there must be

solutions y(x), y2(z) on (0,00) of the form

00 00
y1(I) — § CLn.Z‘n — ellnm § CLTL.TTL,

o0 oo
yo(x) =2 E apz" = e 1T E a,x".

This time we first determine the functions a,,(r) from the recurrence relation and then
substitute r = +i. Since p; = 0, ¢; = 1, the recurrence relation for a,(r) is

an(r) = — an_1(r) _ an_1(r)
" F(r+n) (r+mn)2+1

16



R VR (e B ()
_ ilnz - (—1)"33”
— () =e (H; [(1+i)2+1][(2+i)2+1]---[(n+i)2+1]) ’

__ ilnz - (=1)"a"
ya(z) =e (1+nz::1 [(1—i)2—}—1][(2—i)2+1]"'[(n_i)2+1]> '

Two linearly independent real solutions yi(x), y;(x) are obtained by extracting real
and imaginary part of y;(x), say.

() () (1 x 2P N 3a3 in(Inz) 20 3a? N T3
pr— n —_—— — — — o« . . J— Sln nx —_—— — P
Yi\r) = costin 540 520 © 5 40 1560 )

T T

() in(lnz) (1 2 . 323 + cos(In ) 2z 3a2? n 723
r) = sin(lnz — -t —F cos(lnz) | — — — )
Y2 540 520 T 5 40 1560

17



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 11

Differential Equations (Math 285)

H59 Do Exercises 5, 6,9 in [BDM17], Ch. 5.7 (Exercises 6, 7, 10 in the 11th US edition).
Optionally also show that Y{(z) = —Y(z) for x > 0; see p. 236 (p. 238 in the
11th US edition) for the definition of Y;(z). The solution y,(x) appearing in the
definition of Y;(z) is the same as that you obtain in Exercise 9 (resp., Exercise 10).

H60 The I" function is defined for x > 0 by I'(x) = fooo t*~te7tdt, and for non-integral
x < 0 by choosing an integer n > —x and setting

r
['(x):= (z+n) :
z(x+1)---(r+n—-1)
a) Show that I'(x) is well-defined for x < 0, x ¢ Z, and satisfies I'(z+1) = 2 ['(x)
for all z € R\ {0,—1,-2,...}.
Hint: Recall from Calculus III that I'(x + 1) = 2 I'(z) for 2 > 0.

b) Show lim,, , ﬁ =0forne N={0,1,2,...}.
This shows that 1/I" can be continuously extended to R by defining

1/T'(=n) :=0 for n € N.
¢) The Bessel function of order v € R is defined as (cf. the lecture)

S =™ 2
J(z) = vham - f R,
(z) Z 2v2mmI Ny +m+ 1) ’ orre

m=0

cf. b) for the definition of 1/I'(v +m + 1).
Show J_, =(-1)"J, forveN.

Hint: Show first that the coefficients of 2™ in the expansion of J_,(x) are zero
for n < v.

H61 Find the Laplace transforms of
a) 1+ 2t+ 3t% b) et3; c) f(f TsinTdr; d) sin®t.

H62 Find inverse Laplace transforms of

5 2s —1 1 d 1—e®
. b) o . . 4 — )
2) s+6’ ) 243 °) (s24+1)(s2+4)’ ) ds s
s s2+1 s+1 725 — 48
| : )y In———; _— h)y ——;
) ; S ) s2—1
i) arccot —: .
w’ ) (3 + 82 —5s+3)(s2—4)

Six answers suffice.

1 PLEASE TURN OVER



H63

Ho64

H65

H66

Solve the following initial value problems with the Laplace transform (two answers
suffice):

a) ¥’ — 3y +2y=6e"t, y(0)=9, ¢ (0) =6

b) " + 2y — 3y = 6sinh(2t), y(0) =0, y/'(0) = 4;

¢) ¥ +y" =5y +3y = 6sinh(2t), y(0) =y'(0) =0, y"(0) = 4

Find the Laplace transform of the Bessel function Jy in one of two ways (the other
is optional):
a) From the power series of Jy and termwise integration of the Laplace integral.
Hint: The power series expansion

1 =, /2n
—_— = E ", wvalid for |z| < 1/4,
V1 —4x n:O(n) =1 /

may help (but you should prove it first).
b) From the Bessel ODE of order v = 0.

Optional Exercise
For z € R\ {0}, v € R show:

3) Juna(@) = L3 ()~ Jyoa(e):
b) I (z) = —J(x) + g I, ().

Remark: a) Provides a recurrence relation to determine J, for v € N from Jo,
J1. The Neumann functions Y,, v € N, satisfy the same recurrence relation and
provide a 2nd solution of 2?y” +xy’ + (z? — v?)y = 0, which is linearly independent
of J,. Thus in order to determine Y, for v € N (the only case of interest) it suffices
to know Y, and Y;.

Optional Ezxercise

Suppose F(s) = L{f(t)} is defined for Re(s) > a, a € [—00,00). Show that
limg_, 4o F'(s) = 0; cp. Exercise 24 in [BDM17], Ch. 6.1.

Hint: Use the uniform convergence of [° f(t)e™*" on Re(s) > a + 1 (resp., for
a = —oo on Re(s) > 0).

Due on Thu May 16, 10 am

Using the Laplace transform as a tool for the solution of certain IVP’s (required for H63)
will be discussed in the lecture on Sat May 11.

H65 and H66 can be handed in until Mon May 20, 10 am.
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Solutions (prepared by Li Menglu and TH)

59 a) Exercise 5
Using the ratio test, we get

(71)m+1x2(m+1)
T e NS TR I (CTR2YD
m—+00 | Gy, m—+oo (=1)mg2m
22m(m!)2?
— 2
= lim |————
m—r+o00 4(m—|—1)2
. z?
= lim
m—+00 4(m+1)2
<1

for all  # 0.
So, the series for Jo(z) converges absolutely for all z.

b) Exercise 6
Using the ratio test, we get

(_1)m+1x2(m+1)
i |21 gy |
m—+00 | Qyy, m——+o0o (=D)max2m
22m (m+1)Im!
. —z?

= lim

m—+-00 4(m —+ 2)(m + 1)

2

= lim

m—4-00 4(m + 2) (m + 1)
=0
<1

for all x # 0.

So, the series for J;(z) converges absolutely for all z.

It follows that we can obtain the derivative of Jo(x) everywhere by term-wise differ-
entiation:

as claimed.



c¢) Exercise 9
First, we want to show that a;(—1) = a{(—1) = 0.
Equation (24) in Ch. 5.7 gives

a (r)((r+1)* — )2 = 0.

Hence a;(r) = 0 for r ¢ {—2,0}, and in particular a;(—1) = aj(—1) = 0. (Alterna-
tively, look at the recurrence relation an( ) = —F(r+n) S0 o [(r + E)pok + @ni] ax(r),
which for n = 1 reduces to a1 (r) = — ;7 [rp1 + @] ao(r) = T(r(er) since for the Bessel
equation p; = ¢; = 0.) Next,

d
a(-1)= E[(r + D)ay(r)] L =0.
Then, from equation (25) in Ch. 5.7 or using the said general recurrence relation for
a,(r), we get

B —p_o(T)
an(r) = T T P for n > 2.

Since a1(r) = 0, this gives a,(r) = 0 for all odd n wherever a,(r) is defined (i,e
r ¢ {0,-2,—4,...,—n — 1}), and hence ¢,(—1) = & [(r + 1)an(7")]}r:_l = 0 for all
odd n. For even n the recurrence relation gives by induction

as(r) = L(r) = I
(r+1(r+3) (r+1)(r+3)
_ —as(r) _ 1
B e [ ey Rl O o [ ey P
aamlr) = (r+2m—1(r+2m+1) (r+2m-3)(r+2m—1) (r+1)(r+3)
) (1"
(r+1r+3)(r+2m—1+3)(r+5) - (r+2m+1)
So,
Cgm(—l) = d_[(r—i_ 1)a2m( )] .
_d (-1 )
dr \(r+3)2(r+5)2---(r+2m—-12r+2m+1))| _
2 2 2 1
- {<_T+3_r+5_r+2m—1 _r+2m—|—1> (T+1)a2m(7“)] r=-1
(] 1 1 =™
1 -
ITEtig




Finally, we need to compute

According to the theory (e.g., Th. 5.6.1 in Ch. 5.6), a 2nd solution of Bessel’s equation
of order one is

(w) = —gi(@) o] + 7 (1 -3 <‘213:Sf(";n *_Hlf;!%?m)

¢ —J1($) In |{L‘| + i (1 _ Z (—1)m(Hm + Hml)x2m> .z 7& 0.

|z ~—  2"ml(m —1)!

For this note that y;(x) denotes the analytic solution normalized by ay = y1(0) = 1,
so that Jy(z) =Y > L),ﬁmﬂ =L+ =3u(2).

m=0 22m+1lm|(m+1)!

The corresponding Neumann function is then

2
Yi(z) = - [=y2(2) + (v — In2)J1(2)]
_ 2 z o Hyp +Hine1)  9p
=2 <1n§+7)J1 __+m21 22mm| T .
Finally we show that Y{(z) = =Y (z).
d 2 = (=)™ H
! - — — —_ 2m
Yi(a) = — [(m +7) Jo(x) +mZ:1 Tl
2 _Jo(x) x / — (D™ Hm s
S| o * (1112 +7> JO(x)—i_mZ:l?m—lm!(m—l)!x

o

L1 (=)™ Ho, 21
5 * Z (22m m!)? 22m—1m!(m — 1! v

[ oo (—pm~t m
2 T 1 —— + (—-1)"2H,, B
= — | — l — >J — m 2m—1
T " L l(x)+x mZ::l 22mml(m — 1)! v ]
= —Yl(l'),
since 2H —%:H +H,,_1

60 Before we solve the exercise, we show that I' satisfies the indicated identity for x > 0
and any positive integer n. This follows by repeated application of the functional equation



['(x 4+ 1) = 2 '(z), which was shown in Calculus III:

[(x) = w (since I'(x + 1) = 2 T'(x))
= M ince I'(z = (x x
= 2@ D) (s Iz+2)=(x+1)I'(x+1))
(@ +3) . B
D) (since I'(x 4 3) = (x + 2)['(x + 2))

[(x+n)
r(x+1)---(x+n—1)

This identity suggest how to extend the definition of I' to negative x, because its right-
hand side makes sense for x > —n, z ¢ {0,1,...,n — 1}.

a) To show that I'(x) is well-defined for z < 0, x € Z, we need to show that different

choices of n > —ux don’t affect the value of I'(z) as specified in the exercise. The
smallest n we can use in the definition is n = [—x|. With this n we have

r
I(z) = (x+n)
z(x+1)---(x+n—1)
I'z+n+1) .
@) arn-DErn (since '(x + n+1) = (x + n)I'(x +n))
F(z+n+2) ( ing)
= same reasonin

zz+1) - (x4+n—1)(z+n)(z+n+1) &
Thus using n+ 1, n+ 2, ... in the formula to compute I'(z) yields the same result as

n, which means that I'(x) is well-defined.

Then, we prove that I'(x + 1) = 2 '(x). For # > 0 this was shown in Calculus III,
so it remains to consider the case © < 0, x ¢ Z. Choose n € N such that x +n > 0.
Then in the definition of I'(z + 1) we can use n — 1, since x +1+(n—1) =z +n > 0.

I'z+14+n-1)
(z+1)(xz+2)---(z+1+(n—1)—1)
[(x+n)
(z+1)(z+2)---(x+n—-1)
I'(z+n)
Tt +r )@ +2) - (wtn—1)
=zD(x)

— [N(z+1)=

For n = 1, which is possible only if —1 < 2 < 0, the definition of I'(x) reduces to
['(z) = @ and the functional equation holds as well. This case is included in
the above computation, provided the first denominator is interpreted as 1 (empty
product).

b) For x close to —n we have z +n + 1 > 0. Hence a) gives

I lim z(z+1)---(x+n)




Since I'(1) = 1, the limit evaluates to

- (=n)(=n+1)---(0)
xl—IEIn [(x) B 1 =0

Thus 1/T" has zeros at the nonpositive integers, and I' has poles there; cf. Fig. 1. (It

is easy to see that I'(x) ~ n(,&llz) for x — —n and hence 1/T'(x) =~ (—=1)"n!(x + n) for

x — —n. In particular, the poles of I" and the zeros of 1/T" are simple.)

6_
4_
2_
- -2 -1 1 1 2 3 4
_2_
4
-6 —z-T(2)
—z~1/T(z)

Figure 1: The I'-function on R and its reciprocal function 1/T

Remark: The Euler integral I'(z) = [~ ¢*~'e~" d¢ makes sense for z € C with Rez > 0
and gives an extension of I' to the open right half plane H of C satisfying I'(z + 1) =
21'(z) for all z € H. Using the same idea as above, one can extend the domain of I'
further to C\ {0, —1,—2,...} (preserving the functional equation) and that of 1/T" to
the whole complex plane. The resulting functions are analytic in their domain. Thus,
in a way, the “disconnected picture” of I' on the negative real axis is misleading: In
the complex plane there are only the isolated poles at z =0, —1, -2, ...

First, we have

. - (_l)m —v+2m
() = Z 27vH2mmIT(—v +m+ 1) o ’

m=0

From b), we know that 1/T'(—n) = 0 for n € N. So, the coefficients of 272" are zero



for m < v. Then

J—V(f) _ Z o (_1)m $—V+2m

vE2mmI(—v +m+ 1)

m=v

_ i (_1)m xl/+2(m71/)
— rt2m=—)mI T ((m — v) + 1)

S o
- v2n let n = m —
22”+2n(n+y)!f‘(n+l)x (let n=m —v)

_ (_1)1/2 (_1>n pren

£ vt (n + v)ln!
= (=1)"J,(z).
61 a) L{1+2t+3t*} = L{1} +2L{t} + 3L{t*} = 1/s +2/s* 4+ 6/s> for Re(s) > 0;
b) L£{e"*3} =e3L{e’} =e*/(s —5) for Re(s) > 5;

c) L {fothin TdT} =1L{tsint} = -1 L L{sint} = -1 & - =1 (s;ff)2 = (SQ?H)Q.
Alternatlvely (but more costly), evaluate the mtegral first using integration by parts,
fo TsinTdr = sint — tcost, and then recall =z = £ { (sint — tcost) } from the
lecture.

+1

d) From sin(3t) = Im(cost + isint)® = 3co s tsint —sin®t = 3sint — 4sin®*t we get
_ 1 _ 6
L {sm t} ﬁ{ (3sint — sin(3t)) } =1 ( 21 32+9) = EDEE9)”

) £ () =50 () = e

coH{EE =2 {Es) - £ {ah) = 2e0s(VB31) — 5 sin(V31);

) gy = 5 (- ) = £ G ) = (7 () — £ () =

( 2
3sint — & sin(2¢);

d) =57 = L{H()-H(-5)} = & =50 = £L{—t )+t H(t=5)}, i, £7 {4 127
—tH(t)+tH(t—5);

e) We have

for |s| > 1, and hence

£ 2 1+t+t2+t3+ s
n = — 4+ —
s—1 2 32! 43l — n!
et —1
=



f) Let F(s) =1n (22:)12 =In(s*+1) —2In(s — 1) and f(t) = L7{F(s)}.

2s 2
) — _ t
— ﬁ{—tf(t)}—F(s)—82+1—8_1—£{ZCost—2e}
— —t f(t) = 2cost —2¢'
2el — 2 t
— F(t) = % (t > 0)
Since e = cos 0 = 1 this is in fact an everywhere analytic function of t.

g) We have
s+1 1 1 1 S 1 1

s2(s24+1)  s(s?2+1)  s%(s2+1) g_82+1+8_2_82+1

1
L st =1—cost+t—sint.
s2(s?2+ 1)

h) L7 {(e™® —e ™) /s} =L {e™®/s} — L7 {e/s} = H(t —2) — H(t — 4).

sint
t

L {M} = l arccot i. — L' {arccot i} = sin(wt)

i) From the lecture we know £ { = arccot s. Dilation in the domain gives

wt w w w t

j) We have

s2—1 B s+1 1 1 n 1
$+8s2—-55+3 (s—1)(s+3) 2\s—1 s+3/)°
1

2
-1 s”—1 _ t —3t
£ {s3+32—5s+3}_2(e ).

63 As usual, we denote the Laplace transform of y(t) by Y(s)

a) Applying £ to both sides of the equation and inserting the initial conditions gives

6
2Y(s) =95 —6—3(sY(s) —9) +2Y(s) =
s7Y(s) s (s (s) )+2Y(s) pog|

6 952 — 125 — 15
2 _ 2)Y (s) = —21 =
(s —3s+2)Y(s) S+1—|—98 P

952 — 125 — 15
(s—=1)(s—=2)(s+1)

The partial fraction decomposition of Y'(s) is

Y(s) =

with




b) The Laplace transform of sinht = j(e' —e™") is F(s) = § (5 — 717) = =, from

2
which £{sinh(2t)} = 1F (8) = 52— = 2.

(s/2)2—1 s
, 12
= s°Y(s) —4+2sY(s) =3Y(s) = 1
S JE—
12 45*—4
2 _ _
(s —1—23—3)Y(s)—82_4+4— 1
4(s* —1) B 4(s+1)

Y(s) = =
(s) (s2+2s—3)(s?—4) (s+3)(s—2)(s+2)
The partial fraction decomposition of Y'(s) is
A B C
Y =
(5) s—|—3+s—2+s+2

with

I

= (s+3)Y(s)|s = -3 = —8/5,
A= (s=2)Y(s)|s=2=3/5,
C=(s+2)Y(s)|s=-2=1,
_8/5 N 3/5 L
s+3 s—2 s42

8 3
= y(t) = ~E e ¥ 4 = e e

V() = 4 V() =55V (9) 43V (s) = S

4(s* —1) B 4(s+1)
(3452 —5s5+3)(s2—4) (s—1)(s+3)(s—2)(s+2)

Y(s) =

The partial fraction decomposition of Y'(s) is (details omitted)
2 1 2 3

Y(s) = - - .
) =563 3679 36-1) 56-2
2 1 2
= y(t):ge_3t—§e_2t—§et+ge2t.
64 a) We have
(S S ()7 (2m)
0= 2w = 2 ()
=DM e2m 1 T, 2m 1\"
e E{JO}_mX::o g \m )21 s 2\ m 4g2
_ 1 ! (using the hint)
i)
452
B 1
IRV

10



The computation is valid for |s| > 1, since the binomial series involved (see below)
has radius of convergence 1; cf. the theorem about termwise integration of Laplace
integrals in the lecture.

Finally we prove the asserted series expansion:

(12 L DD B | raeseny

m N m)! m) 2m

B m (2m)l (=1)™ (2m
m!2m-2-4-6---(2m)_(_) (m!)24m —  4m (m)7

and therefore
;(Qg)xng(—l)mM( 1/2) f:o( 1/2> —4z)™ = (1 — 4z)" /2,

using the binomial series.

Jo is the solution of the IVP ty" +¢ +ty =0, y(0) = 1, ¥'(0) = 0. Writing Y (s) =
E{J O(t)} and taking the Laplace transform on both sides gives

() -8 sV~ 1= V() =0

—(°Y'(s) +2sY(s) —1) +sY(s) —1—=Y'(s) =0
Y'(s) = — Y (s)

s
s2+1
|
— Y(s) = cexp/ —§ln(02 + 1)do =
0

for some constant c.

c
N
The constant ¢ can be determined from

L{T(0)} = 5Y(s) = 1o(0)

and the general fact that Laplace transforms tend to zero for s — co. It follows that
¢ = lim —— = lim sY(s) =Jp(0) =1,

s—00 4/52 + 1 5—00

and hence L{Jo(t)} =Y (s) =1/V/s* + 1.

65 For v € N the function J,(z) was defined in the lecture as the analytic solution of
Bessel’s equation of order v normalized by setting the coefficient of z (first nonzero
coeflicient) equal to 5. It can also be derived using Frobenius’ method as follows (not
part of the exer(;lse)

0= szy” _{_$y/ + ($2 o VQ)y

an(r+n)(r+mn— 1)xr+"+Zan(r+n)xr+" (2 -2 Zan
n=0

an[(r +n)? — v " 4 Z Qpox" "

[
K

3
Il
=)

[
[M]¢

Il
o

n

= ao(r? — )" + ay[(r + 1) = 2" + Z {[(r +n)* = v¥a, + ap_o} 2"
n=2

11



For » = v there are solutions with arbitrary ag. These must satisfy a,, = 0 for all odd n
and [(v +n)? — v?a, + a,_2 = n(n + 2v)a, + a, 50 for all even n > 2. By induction,

v - Gme2 (=)™
T om(2m + 2v) 2m(2m —2)--- 2] [(2m + 2v)(2m — 24 2v) - - (2 + 20)]
_ (=1)™ao
22mml(v+ 1) (v+2)---(v+m)
Choosing ay = 2}}/,, we get

B e (_1)mxv+2m
Tu(w) = 2_:0 2vt2mml(y +m)!

Then, we solve the exercise:

a)

e m .v+2m—1 > m . v+2m—1

S 5 I PRS0 B o O G, o N S

x 2v2m=lml(v +m)! — 2772y +m — 1)

m=0

B Z ( 1)m$u+2m 1 v .
ve2m=—Imlv+m -1\ v+m

( 1)m+1 v+2m—1

- Z 2 2m=1(m — 1)l(v + m)!

1)n+2 v+2n+1 & (_1)nl.u+1+2n

- Z ; =2
2V+Q"+1n'(y +n+ 1) L wrinl(y + 14 n)!

- JV—H( )

b) The Bessel functions may be differentiated termwise to yield

d ¢ (=D™
! _ v+2m
T(@) = dz mzzo vt2mmIT(m+ v+ 1) v

8

(_1)771(]/ + 2m) xu+2m—1
¢ 2vt2mmlD(m + v + 1)

(_1)my v+2m—1 (_1>m v+2m—1
T + Z
v2mmI T (m + v + 1) — 20t l(m — DIT(m + v+ 1)

MX HM

3
I
o

C_4

_|_ Z ( 1)m+1 xu+2m+1
v2m i T(m + v + 2)

Jo(2) = Jppa (@),

BIR 8|

66 The assertion “limg, ., F'(s) = 07, which tacitly assumes s € R, can in fact be
strenghtened to limge(s)—4o0 £ (s) = 0, as the subsequent proof shows. But the complex
limit limy e F'(s) need not exist, because near the line of convergence F(s) may be
unbounded.

12



Let ¢ > 0 be given. Since the Laplace integral converges uniformly for Res > a + 1
(Res > 0), as shown in the lecture, we can find R > 0 such that | [;° f(t)e™*' dt| < ¢/2
for all such s. Assuming that f is piecewise continuous, hence bounded on [0, R|, there
exists M > 0 such |f(t)| < M for t € [0, R]. Writing s = z + iy, we then have

M(1 — e o8)
x

M
< —
x

Y

R R R
,std 7xtd M 7$td _
| s tls/O e ans v et

provided that x > 0. For x > 2M /e the right-hand side is €/2.

= [F(s)| =

R 0o
—std —std
/0 f(t)e t+/R ft)e t‘

/ f(t)e " dt
R
provided that Re(s) > max{a + 1,0,2M/e}. This shows limge(s)— 400 F/(s) = 0.

<

R
/ f(t)e dt‘ +
0

<€+€_
2 72~ ¢

13



ZJU-UIUC Institute Spring Semester 2024
Prof. Thomas Honold Homework 12

Differential Equations (Math 285)

H67 Solve the following IVP’s with the Laplace transform:
a) Y +y +y=u(t) —wn(t), y(0)=1 y'(0)=0;

in(2t) if0<t<w/2
b) y”+2y’+y={sm( ) O<i=m/2, y(0) =1, y'(0) = 0.

0 ift >mn/2,

H68 Do Exercises 11 and 20 in [BDM17], Ch. 7.1.

H69 For the matrix

-1 1 0
A= 1 =2 1
0o 1 -1

solve the initial value problem y’ = Ay, y(0) = (0,1,0)T, and determine lim,_, , o y (¢)
for the solution.

Hint: The solution to Exercise H43 of Homework 9 in Math257 (Fall 2023) may
help.

H70 Determine a fundamental system of solutions of y’ = By for the matrix

0o 1 -2 -1

5 —2 =3 =2

B=| 14 3 -12 -5
13 3 -8 =8

16 3 —-10 —6

~J 00 © W N

Hint: Use the result of Exercise H60 of Homework 12 in Math257 (Fall 2023).

H71 Consider again the matrix A from H69. Determine the matrix exponential function

e in two ways,

a) using the fundamental matrix ®(¢) obtained in H69 and the formula e#! =
®(t)®(0)~"

b) using the “new method” for computing e! discussed in Lecture 38 (tenta-
tively); cf. also H48 of Homework 9.

H72 Optional Exercise

a) Suppose A € R™" has n distinct eigenvalues Aq, ..., \,. Show that
A =) "My (A,
i=1

where (;(X) = H?:L i % are the corresponding Lagrange polynomials.

1 PLEASE TURN OVER



b) Suppose that A € R™™" is symmetric and vy, ..., v, is an orthonormal basis
of R" consisting of eigenvectors of A. Show that

n
eAt _ § :e)\itviv;l"
=1

where )\; is the eigenvalue corresponding to v;. (Note that the vectors v; are

column vectors, and hence v;v] are n x n matrices of rank 1.)

¢) The matrix considered in H69 and H71 satisfies both conditions. Use a) and
b) to give two further evaluations of its matrix exponential function.

Due on Mon May 20, 10 am

The material on linear systems required for solving H70, H71, H72 will be discussed in
the lectures on Thu May 16 and Fri May 17. The optional Exercise H72 should also be
handed in on Mon May 20.



Solutions (prepared by Zhang Zhuhaobo, Niu Yiqun,
and TH)

67 a) The transformed ODE is

—TSs __ ,—27s
SPY(s)—s+sY(s)—1+Y(s) =
5
e~ TS _ 67271'3 s+ 1 e~ TS _ 8727rs s+ 1
Y(s) = + — _i_l_efﬂs_i_e%rs—
(5) s(s2+s+1) s2+s+1 s ( )s2+s+1
using m = % — 82‘:;11. The first summand has inverse Laplace transform u, (¢) —

Ug,(t). The second summand can be rewritten as

s+1i+1

(1 — e TS + eQTrs) 12 - 2 .

(s+3) +3

and has inverse Laplace transform y; () — ug(t)y1(t — 7) + g, (t)y1 (¢t — 27) with
1

0S —\/gt + et/ \/§t

S ——.

V3 2

y(t) =e"c
= The solution is

y(t) = yi(t) + ur(t) (1 = yu(t — 7)) + o) (y1(t — 27) — 1)
ni(t) ifo<t<m,
=9 1+wu(t) —wnlt—m) if # <t <2m,
y(t) —yi(t — 7))+t —2m) ift > 27,
Remark: The solution on [0, 7|, viz. y;(t), is the solution of the IVP ¢ + 4/ +y = 0,

0.8+
0.6
0.4+

0.2+

\/ i W : B

Figure 1: The solution y(t) of H67 a)

0.24

y(0) =1, ¥/(0) = 0, as can also be checked using our earlier discussion of higher order
linear ODE’s with constant coefficients. The solution on [, 27] is obtained by adding
to y1(t) the solution of the IVP ¢ +¢' +y = 1, y(m) = ¢/(7) = 0 (to fit the initial
conditions at ¢t = m), which is y(¢) = 1 —y;(t — 7). The solution on [27, 00) is obtained
by adding to this in turn the solution of the IVP ¢+ ¢ +y = —1, y(27) = ¢/(27) =0
(to fit the initial conditions at ¢t = 27), which is y3(t) = y1(t — 2m) — 1.

3



b) Here the forcing function is sin(2t) — u./2() sin(2t) = sin(2t) + w2 (t) sin(2(t — 7/2))
and the transformed ODE is

2Y(s) —s+2(sY(s) — 1) + Y(s) = 14 e 72
SV (s) =5 +2(sV(s) = 1) +V(s) = 5= (1+e7™7)
2+ 2e7 /2 s+2
Y(s) =
&= aery T Gre
The real partial fractions decomposition of m is
1 _ 2543 2 . 1
(2+4)(s+1)2  25(s2+4) 25(s+1) 5(s+1)%
25+ 3 2 1 1 1
— Y(s) = (2+2e7?) [ -
(5)=(2+2¢ )( 25(82+4)+25(8+1)+5(8+1)2>+8+1+(8+1)2

4 3 4 2
= y(t) = ~5F cos(2t) — 35 sin(2t) + %e_t + 5te_t

4 3 . 4 B
25u7r/2(t) cos(2t — ) — 25u7r/2(t) sin(2t — ) + 25u7r/2(t) ~(t—m/2)
2

+ guw/z(t) (t —m/2) e t=™/2

+e e
4 3 29 7

= - Qt__' 2t —t t_t
35 CoS(2t) — 55 sin(2t) + ope 4 e
(4 — 5m)e™/? 2e7/2

4 3
25u7r/2( ) cos(2t) + 2—51177/2(15) sin(2t) + o u,r/g(t)e_t + 3 Urja(t)t et

=g cos(2t) — Zsin(2t) + Be 4+ Ite ift <7/2
= 2044 2?”)6_’7/2 —t —”25/2 te_t ift >m/2.

0.8 4
0.6 7
0.4 4

0.2 4

T T T T T
2 4 6 8 10

Figure 2: The solution y(t) of H67 b)

68 Ex. 11 From Figure (b) we can easily get the forces acting on each block.
Assume the positive direction of the motion is to the right.



For Block 1: a = d;;;l,

d2l‘1
my 2 mia = —k1zy + Fi(t) + ka(12 — 21)
= —(kl + kQ)l'l _'_ ]{:21'2 + Fl(t)
Similarly, for Block 2: a = %7
A’z
mz# = Moa = —kQ(I2 - xl) + F2(t) — k3o

= kgxl — (1{72 + k’3);€2 + Fg(t)

Ex. 20 According to the current-voltage relation for each element in the circuit, we have

df
Vi, =L—
L dta

dV
Io =02
C Cdt’
Vi = LRy,
Vo = ILR,.

Applying Kirchhoff’s voltage law to the L-R;-Rs loop gives

dl
L— —|—]1R1 —|— IQRQ - O
dt
But I, =1, bR, =V, =V, and hence L % + RyI 4+ V =0, proving the first equation.
Applying Kirchhoff’s current law to the lower node gives
Vs dVv

L=hL+lo=2+0%,
1 2+ 1o R2+ T

Since Iy = I, Vo =V, the second equation follows.
69 Eigenvalues/eigenvectors of A were determined in Exercise H43. The following com-

putation is copied from there.
The eigenvalues are the roots of the characteristic equation.

—1— ) 1 0
det|A — AI| = 1 —2-X 1
0 1 —1-2X

=—-A+1)*A+2)+20+1) = —-A+ 1N +3\) = - AA+ 1) (A +3) = 0.

Thus the eigenvalues are A\; = 0, A\s = —1 and A3 = —3. To find the eigenvectors, we
replace A by each of the eigenvalues in turn.
For )\1 = 0,
-1 1 0 T 0
1 -2 1 z | =101,
0 1 -1 T3 0



xM = [ 2, = 1
T3 1
For Ay = —1,
0 1 0 T 0
1 -1 1 To =1 0],
0 10 T3 0
X1 1
x? To = 0
T3 -1
For )\3 = —3,
210 T
1 11 To =10 |,
01 2 T3 0
T 1
x®) = To = -2 1.
T3 1

Therefore, the ODE system y’ = Ay has the general solution

1 1 1
yt)=ci [ 1 | +coe”! 0 | +eze™ | =2
1 -1 1

Then consider the initial value problem y’ = Ay, y(0) = (0,1,0)T:

c1tcxtcs 0

y(0) = c1—2c | =11
C1 — Cy + C3 0

1

— 61257 C2:O’ 632—5

Therefore, the solution of the initial value problem is

|
w
X

11
37 3
y(t) = | 3+3e7
1 1 .-
3= 3€
Moreover,
1
lim y(6) = [ 1
t——+o0 rf
3
70 In Exercise H60 it was shown that
011 1 =2
11 0 =5 0
S=103 2 0 -1 1,
0 3 1 0 -2
0 3 1 0 1



transforms B into Jordan canonical form; more precisely,

- 0 0] 0 0
-3 0] 0 0

1 =31 0 0
0/-3 O

0o 0] 1 =3

Denoting the columns of S, in order, by vy, ...

the solution of H60!), this says

Bv, = —3v; + vy,

BV2 = —3V2 + V3,

BV3 = —3V3,
Bv, = —3vy + s,
BV1 = —3V5,

,v5 (different from the numbering used in

(B+3I)vy = vy,
(B +31I) vy = vs,
(B+3I)vs =0,
(B+3I)vy = vs,
(B+3I)v; =0.

According to the general theory (use the two chains vy, vy, v3 and vy, vs), a fundamental

system of solutions of y’ = By is then

Y1 (t) = e_3tV1 + te_3tV2 + %t2e_3tV3
0 1 1 t4 512
1 1 0 1+1
=e 0] +te |3+t 2] = Bt+82 |,
0 3 1 3t 4 512
0 3 1 3t 4 517
1 1 1+t
1 0 1
yo(t) =e vy +te vy =e | 3| +te P |2 = 312t |,
3 1 3+t
3 1 3+t
1
0
y3(t) =ePtvg=e | 2|,
1
1
1 —2 1-2t
) 0 -5
yit) =e vy +tePvs=e | 0 | +te [ -1 =¥ | —t |,
0 -2 —2t
0 1 t
—2
0
ys(t) = e vy =e 3 | —1
—2
1



71 a) From the solution of H69 we have

1 et e 1 1 1 T 3 3
e =1 o -2 @0=[1 0 —2|, so'=(1 0 -1
1 —et e 1 -1 1 % —% %
1 et e i L1
At _3t t 3 1
— € = 1 0 2e 5 0 —5
1 —et e s -3
stietHge® 2 2e™ L lety gem
[t Ides T
T—tet4ie® L_le L4 let4le™

b) We apply the new method with a(X) = xa(X) = X(X + 1)(X + 3); cf. the solution
of H69. A fundamental system of solutions of xa(D)y = 0is 1, e, e, which has

Wronski matrix

-3t

1 e e
=1 0 —et —3e3
0 et 9e 3t

The special fundamental system c¢o(t), c1(t), ca(t) required for the computation of eA?
is obtained by multiplying the first row of W (¢) with W(0)~!. The standard method

for matrix inversion gives

1 1 111 0 O 1 0 =211 1 0 1 0 0|1 % %
0O -1 -3|01 0| —1601 30—10%0100—%—%
0 1 910 0 1 0 0 60 11 0 0 1|0 % %
1 4 1
¢ 3t LI ¢
= (co(t),ca(t), ca(t)) = (LeTe™) [ 0 —7 3
0 5 &
S
- eAt = Co(t):[g + (t)A + Cg(t)AQ
100 -1 1 0 2 =3
_ 4 3 .—t 1, -3t 1 1 _—t 1. —3t
=010+ (F—5e"+g )| 1-2 1|+ (5-ge"+g )| -3
001 0 1 -1 1 -3
Dot fo Lo de ¥ Lo Lot Lo
N L ST
R Il B o RU PR

The computation is facilitated by the symmetry properties of Is, A, A%, which are all

of the form (g %

g), leaving only 4 entries of ! to be determined.
a



72 a) We show that ®(t) = > | e*'/;(A) solves the matrix IVP &'(t) = A®(¢t), ®(0) =
I,. Since t — e?t is the unique solution of this IVP, this proves the assertion.
We have
=> XMl (A
i=1
= MAL(A
i=1
By the Cayley-Hamilton Theorem,
0= va(A) = (A= \T)- (A=A T) = (A — M T)i(A),
where ¢ = [T, ;;(Ai = ;) # 0. Hence (A — \;I)(;(A) = 0 and Al;i(A) = \ili(A).
This proves ®'(t) = A®(t).
Further, we have
=D _li(A)
i=1
The Lagrange polynomials satisfy the identity > | ¢;(X) = 1 (since p(X) = Y1, €:(X)

has degree < n and solves the interpolation problem p(\;) = 1, 1 < i < n). Substi-
tuting A into this identity gives >, ¢;(A) =1,,, as desired.

b) From the lecture we know that e®? is the matrix with eigenvectors v; and corresponding
eigenvalues e*'. Clearly this determines e uniquely. Setting ®(t) = > | eMlv,v],
we have .

®(t)v; = Z titviv]vy = eMlv,
i=1
since v/ v; = v;-v; =0 for i # j and V;!—Vj = 1. This proves the assertion.
c¢) Firstly, we use the Lagrange polynomials. From the solution of H69 we have A\ = 0,
Ay = —1, A3 = —3. The corresponding Lagrange polynomials are
0H(X) = %(X%— 1)(X +3),
6H(X) = —%X(X +3),
63(X) = éX(X +1).
0 10 210 1 11
(A+DA+3)=[ 1 -1 1 111 |=(111],
0 10 01 2 1 11
-1 1 0 210 -1 0 1
A(A +3I) = 1 -2 1 111 ]=(0 0 0],
0o 1 -1 01 2 1 0 —1
-1 1 0 0 10 1 -2 1
AA+]) = 1 -2 1 1 -1 1 ]1=1-2 4 =2,
0 1 -1 0 10 1 -2 1
1 111 1 -1 0 1 1 -2 1
:>eAt:g 111 —e_t§ 00 0 |+e™ -2 4 =2
111 1 0 —1 1 -2 1

Ne}



This is in accordance with the result of H71Db).

Secondly, we use the formula in b). From the solution of H69 we have \; = 0,
Mo = —1, \3 = —3 with corresponding normalized eigenvectors v; = \/ig(l,l,l)T,
Vo = %(1,0, -7, vy = %(17 -2,1)T.
1 1 11 1 1 0 -1 1 1 -2 1
:>eAf=g 111 +e_t§ 00 0 —|—e_3t6 —2 4 =2
111 -1 0 1 1 -2 1

For this note that the entries of M = vvT = (21, 22, ¥3) (21, T2, 23)" are m;; = x;x;.

10
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