


Number Theory
If a and b are integers with a ̸= 0,

we say that a divides b if there is an integer c such that b = ac, or
equivalently b/a is an integer.

In this case, we say that a is a factor or divisor of b, and b is a multiple of
a. (We use the notations a|b, a ∤ b) 4|24 4 ∤ 5

Divisibility
All integers divisible by d > 0 can be enumerated as:...,−kd , ...,−2d ,−d , 0, d , 2d , ..., kd , ...

Question: Let n and d be two positive integers. How many positive integers not exceeding 
n are divisible by d ?

Answer: Count the number of integers such that 0 < kd ≤ n. Therefore, there are ⌊n/d ⌋ such 
positive integers.

Divisibility: Properties
Let a, b, c be integers. Then the following hold:

(i) if a|b and a|c , then a|(b + c)

(ii) if a|b then a|bc for all integers c

(iii) if a|b and b|c , then a|c

Proof: Suppose that a|b and a|c . Then, from the definition of divisibility,
it follows that there are integers s and t with b = as and c = at. Hence,

b + c = as + at = a(s + t).

Therefore, a divides b + c .

Corollary If a, b, c are integers, where a ̸= 0, such that a|b and a|c , then 
a|(mb + nc) whenever m and n are integers. Proof: By part (ii) and part (i) of Properties.

The Division Algorithm
If a is an integer and d a positive integer, then there are unique integers q and 
r , with 0 ≤ r < d, such that

a = dq + r
In this case, d is called the divisor, a is called the dividend, q is called the 
quotient, and r is called the remainder.

In this case, we use the notations q = a div d and r = a mod d. 
Congruence Relation

If a and b are integers and m is a positive integer, then a is congruent to b modulo m if m divides a − b, denoted by a 
≡ b (mod m). This is called congruence and m is its modulus. 15 ≡ 3 (mod 12) −1 ≡ 11 (mod 6)

Congruence Relation
.
Let m be a positive integer. The integers a and b are congruent modulo 
m if and only if there is an integer k such that

a = b + km

.

If part: If there is an integer k such that a = b + km, then
km = a− b. Hence, m divides a− b, so that a ≡ b (mod m).

Only if part: If a ≡ b (mod m), by the definition of congruence, we
know that m|(a− b). This means that there is an integer k such that
a− b = km, so that a = b + km.




