A
e
* A graph consists of a set of vertices V, |V| =n
e and asetof edges E, |E| =m
e Each edge has two endpoints
* An edge joins its endpoints, two vertices are
adjacent if they are joined by an edge
e When a vertex is an endpoint of an edge, we say

that the edge and the vertex are incident to each

other.
Simple Graph, Multigraph,
Pseudograph

simple graph ({EEEE])

A graph in which each edge connects two different
vertices and where no two edges connect the same pair

of vertices.
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multigraph (ZEE])

Graphs that may have multiple edges connecting the

same vertices.

] REfFEZ FRIDIERAERT=RIE,
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pseudograph ({9E])

Graphs that may include loops, and possibly multiple

edges connecting the same pair of vertices or a vertex to
itself.
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Undirected Graph

—EENXMICS

o NRANTNRZ BFEE, AT IRE
adjacentfJokE i Eneighbors

* N(v): WIRvEG = (V, BE)FH—NR=, BPAN(v)
e IviEBHIIRBIES.

o N(A):WMRARG = (V,E)l—1FE&, BBAN(A)
g AP BRI =RIE S,

o deg(v): oMERIdegreeig SviESBAITR =AY
2, (BR—1HXIdegreeHITamlE 2,

Theorem (Handshaking Theorem)

If G = (V, E)is an undirected graph with m edges,
then



2m = Z deg(v)

NR—PTLREBEMERB, IMAXTEFREIN=AE
Mo em (BMEREZ2820T BAE) o

An undirected graph has an even number of vertices of

odd degree.

— P EEER, BENFHHINSEI T EIBEL
UERA:

RZVoaae T B EHNTEHNINSNES, VP8
BB NES, A

2m = Zdeg(v) = Z deg(v) + Z deg(v)
veV vEVodd VE Veven
HTFomEIBE, Y,e,., deg(v) BRIBE, FLL
2 ey, eg(V) URERIBEL, T ey, deg(v)=ATEE
SATHAIRRAEEZHM, PRAREAETHAITRRAY
PN BE

o F—KIBEE— 1T BFEN (u,v), XFEIBRIHEEMN
uigov



% (u,v)2G = (V, E)Pi—5%18, BiAuz
initial vertexJtHadjacent to v, vEtermlnal

vertexFtHadjacent from u

deg (v): in-degree of v, I5[OJvANABRYSRE
deg" (v): out-degree of v, MvH &RNLRISE

M XFin-degreeflout-degree AV Ta A&l I

Theorem

Let G = (V, E) be a graph with directed edges. Then,

E| = Zdeg Zdeg

veV veV

BOENBONEHNET IS IRAin-degreeZ #1, th35
FFTBEIREout-degree Z 711,

Complete Graphs (SGE£E)

A complete graph on n vertices, denoted by Ky, is the
simple graph that contains exactly one edge between
each pair of distinct vertices.

complete graph@— 1 EEE], SHEER T TIRLZIE
e —598,

— AK %




Cycles

A cycle (), for n > 3 consists of n vertices vy, vo, - - - , Uy,

and edges {v1, vo}, {vo, v3}, -, {Vn_1, Vn}, {Vn, v1}.
cycleBEn P IRRY, v2, -+ -, vn, LANNSRIA

{Ula ’02}, {’02, ’03}7 Ty {Un—la ’Un}, {’Un, v1}°

AT O

Wheels

A wheel W, is obtained by adding an additional vertex
to a cycle C,.

wheel ZE—" cycle C, EEII—1 TR,

W, W, W 1

N-dimensional Hypercube

ilh

An n-dimensional hypercube, or n-cube, Q),, is a graph

with 2" vertices representing all bit strings of length n,



where there is an edge between two vertices that differ
in exactly one bit position.

n-dimensional hypercubeZ{&n-cube2—" &, ©F
2PN, BN TRRUER—TMKE /InAYbit string, 4]
R IRSRAYbit string A5 —TbitNE, HPAIXF TR
RZIBE—%,

0 |

00 01 000 001

B2/0&I0:

7 Mn-cube Q,131&(n + 1)-cube Q. 11, FHITEER
NQn, — 1NN EAIFERIEII— 0, 5—1Q,M
INRABRESRIEAI— 11, ARIER T Q, Firss R E38
—{UAENIR=Z BIi—58,

Bipartite Graphs (—43[&)

Definition: A simple graph G is bipartite if V can be
partitioned into two disjoint subsets V; and V5 such that
every edge connects a vertex in V; and a vertex in V5.
An equivalent definition of a bipartite graph is a graph
where it is possible to color the vertices red or blue so

that no two adjacent vertices are of the same color.



X —MEaREGR_E, WRVALK D 9
PABERZRIFEVIV,, FEEFLENEE—TVIFRY
JURFI— VeI,

— P EMENE, WRAILUEEFIIIRSZR I B
B, EEEERTMESHIREe AR, BBAXE

7B,

Vi V)
Vl .'N V2
V3 @—— — V4

Bipartite and not bipartite

e Bipartite: Its vertex set is the union of two disjoint
sets, {a,b,d} and {c, e, f, g}, and each edge
connects a vertex in one of these subsets to a vertex
in the other subset.

e Not bipartite: Its vertex set cannot be partitioned
into two subsets so that edges do not connect two

vertices from the same subset.



Complete Bipartite Graphs (52 _77E])

Definition: A complete bipartite graph K,, ,,is a graph
that has its vertex set partitioned into two subsets V; of
size m and V5 of size n such that there is an edge from
every vertex in V] to every vertex in V5.

X — P2 0EK, 2 E, BRIRRERL]
PARNFEVIAV:, VIBIK/NAm, VoRIK/NAn, F
BVisiIS N RES S VRIS N R EE — 5L,

SaNNRG .
P N

Bipartite Graphs and Matchings

Matching@HEIE— 1" EEaFHTENR — 1 ESFHY
JeEIUACS, — P matching 2IEN—NFE, F/8
EEMFIBEASE— TR XKEL, BaER, —D
matchingZBIBERN—PFE5, FIEUNR{s, t}Fl{u, v} &
matchingfIMSZIA, BEAs,t, u, vEREAEHY,

Job assignments: JUSUERI(FRT, BEERT
MBI T E, — PR UHBInEIETIESE



aR T, EERMIIIFRS.

A maximum matching is a matching with the largest
number of edges.

—/ maximum matching—matching, BAVIDZE]
&=,

A matching M in a bipartite graph G = (V, E) with
bipartition (V3, V) is a complete matching from V; to
V2 if every vertex in V] is the endpoint of an edge in the
matching, or equivalently, if |M| = |V4].

— matching M;2—complete matching, YNERME
MViZVohImatching, FEViPHRIEMRSEBRM T —
FIOMImR, AN, WRIM| = Vi,

Theorem (Hall’s Marriage Theorem): The bipartite
graph G = (V, E) with bipartition (V3, V5) has a
complete matching from V; to V; if and only if

IN(A)| > | A| for all subsets A of V;.

Hall’s Marriage Theorem: ¥IR—_72E

G = (V,E), eRRERLDARNTFEVIIV:, BB
AGB— 1 MViEIVoAYcomplete matching, = B{N=3XT
FVIREESFEA, [N(4)| > |4l

Subgraphs

Definition: A subgraph of agraph G = (V,FE)isa
graph (W, F),where W C Vand F C E.



EX: BG = (V, E)iY—"subgraph@— 1 E(W, F),
HeW C VFHHEF C E,

a a
e@b /vb
e
d C s

Union of Graphs

Definition: The union of two simple graphs

G1 = (Vi, E1) and G = (Vs, E») is the simple graph with
vertex set 11 U V2 and edge set E; U Es, denoted by

G1 U Go.

EX.: FMEREG: = (V1, E1)f1G2 = (Va, E2)AJunion
e " ERE, BHINREEVIUV,, BEEE U E,,
1IC{FG1 U Ga.

Gy G, G, UG,



SiINE R

e adjacency list (S[4%3K)
o adjacency matrix (SF3=FE[%F)
e incidence matrix (<EXE[%)

Adjacency List (SP1%3R)

X . adjacency list (SM=FFR) I LIAREFER—NEEE
SINE, BIEE S8 IRaRIEIR S,

Adjacency Matrix ($P#E2FE0%)
EIEES NGl

TN BRG = (V,E)2— M EEE, |V|=n, {TEIH
IEGRITRRAESR, v1,v2, -+, vne GHYadjacency
matrix Age—""n X nlJo-1f 8%, ZHvFlv,2adjacent
AORT R, AchI(i, HIUERI, Hvilv A 2adjacentAIHT
&, AchI(i, j) & =0,

Ag = |a;;|,where

~ |1 if v; and v; are adjacent
G 0 if v; and v; are not adjacent



a b £ i

et ek ek O

o OO =

I 1
b |
B
0 0

C d - -

BRSNS E B SHEER

PBEFBMHFEE A URRF AN ZEINRE, PR
ANERo-1FEMF, a;HYERv v, [BIHIIBRIFREL,

Incidence Matrix (F<BXAE[E)

I'_EM 1E§]\'§G — (V7 E)KEE_/P%F:T-I / ]—)Fj/d_\__levb V2, ,Un

PAS

, ey, e+, eme GHYincidence matrix Mgm—]

n x mAYo-13EfEM = g,

— 1 if e;is incident with v,
10 otherwise



S B e e O |
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BRI | [ |
0
PRl
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B R e
PO

Isomorphism of Graphs ([g]f4))

EX . BREG = (Vi, E1)FIG: = (V3, B2
isomorphiclY, WRFE—TMVIEIVHINESS, FHHEiw
EXTFTVIFAUEEM N TR afb, aflb2adjacentHI=;
BH{XZHf(a)F0f(b),2adjacentdd, XIERIRREL fAKFRIT
isomorphism,

2N, TNERIMA N ElRisomorphicHY

Hl “2 'I-'l 1’3
@ @

G : H



X EYERZL AT LA

f(u1) = v1, f(u2) = vg, f(us) = vs, f(us) = v2o

LG UE RN Bl 2isomorphic2 B N [FIMERY

B2, WRAEMEARisomorphichy, BFARILUEISH
B P ER—LinvariantsSEiERH

= lAYinvariants :

» number of vertices (JRE=2AY2Y)
» number of edges (1IAY5EEN)

* degree sequence (EZ{F%)
* etc.

TEM = =isomorphicAY?
b
b

(1 c

n @

G H

HEEZHOIINIR(e), MGREB, PilLAAZisomorphic
HYs
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TE™R 2 =isomorphicAY?

a b s t

@
. JK
h g
G
G

O
) C

H
GFAIHA~2&isomorphichy, EAGHHIINRalEZ 22,
Ma S N FHPAGL, u, x, By, 7R, HPAGXPYD
INRFHE— P EEHPRIS — 1 BR8N 1HSR,
MIXXTFGHRAaSKIR 2R ERBRY.,

13
TER T2 =isomorphichy?

U, 125) Vi V3
@

ug

Lf(:)

O
M4 L£3

H

G

f(u1) = ve, f(uz) = v3, f(uz) = v4, f(us) = vs, f(us) = vy, f(1
HA M EE =R



,._
=)
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)
-
N
<
n
-
—_
-
9
=

O = O = O = (¥

Uy U3 Ug U5 Ug
e | ey |

Ve
V3
l’
Ay = 4
Vs
V1

uj
u»
u
Ag ="
g
us

=1 S o R e T
o O G e ST e

=0 = O O O

QO O D
- o O = O

0
|
0
|
0

) b o e )
P O o GO e S0 T e e
SO = O = O
O O = O
o St 8] = Hi e B

Ue

V2

FrLAZ—" isomorphism,

Path: Undirected Graph

Definition: Let n be a nonnegative integer and GG an
undirected graph. A path of length n fromutovin G
is a sequence of n edges ey, ey, - -, e, of G for which
there exists a sequence xy = u, z1, -, Ty_1, &, = vOf
vertices such that e; has the endpoints z;_; and z; for
1=1,---,n.

EX . ne—PIEREH, GE— 1 LEE, GHMuElv
HEInlpath@— BRI F e, eo, - -+ en, BT
T TIRRF Nz = u, 21, -, Zpo1, 20 = v, [F1FeHY

AW EN] E .
AT, 1Az, i =1, M0

— P pathiFR{Ecircuitdicycle, MR ERRSFIZSE
E—Mm, BiEAXATo,

—>pathdlEcircuitZsimplefy, NRENEEZEER
edge,

pathHJ<E=path EEATIHAYSEL



Path: Directed Graph

Definition: Let n be a nonnegative integer and GG an
directed graph. A path of length n fromutovinGisa
sequence of n edges ey, €9, - - -, €, of G for which there
exists a sequence xy = u, 1, , Ty_1, T, = v Of vertices
such that ¢; is associated with initial vertex z;_; and
termmal vertex x; for i1=1,---,n.

E’J'lxr_ j]nE'Jpatth_/\ LSS Uel, €2, ,En, /I_?UG_EZ_
T TIRIF Nz = u, 21, -, Zpo1, 20 = v, [E1FeHY
initial vertex;2z; ;, terminal vertexzz;,
i=1,---,m,

cyclef]simple pathAY5E N FNACE)[EFRI—1F,
Connectivity

— A& Econnectedfy, WNREFETERRAERY
W= 2 [BJER R E—SR IR,
— P AEconnected IO E Zdisconnectedfy,

Lemma' WREGHEM A BRI Sz yZ [BIFE—5
, BBAGH 2y [BfF£—5ksimple path,
Proof.

kR EmEAYcircuitBlA],



Theorem: —>connected (YA EFEEF A [EIAITR
R |BJEffFE—25%simple path,

— 1N EGAYconnected component— ] connectedfy
&, BNZEGHIZ— 1 connectedHJF[E[HIproper
subgraph,

=17, connected componentEE,EM 54

o EBM: BE=Rconnecteddy

o &AM XN FEESAHIEBETFE, EREE
=R TEARNEBTFERNEFE B, A3
NMEBFERN—EPD)

Connectedness in Directed

Graphs
ENX.

o — P BaEEstrongly connectedfty, WNRXTTE
FRYEER N TNReF]d, oR)bE—5%kpath, bRlath
B—%path,

o — P BaEEweakly connectedlY, WMEREH

underlying undirected graph;2connectedfy,



a b a b
¢ L @ =1
A | C A A C
o = e -
e d e d
G H

Grestrongly connecteddy, H;Zweakly connected

HYo
Cut Vertices and Cut Edges

Sometimes the removal from a graph of a vertex and all
incident edges disconnect the graph.

Such vertices are called cut vertices. Similarly we may
define cut edges.

BifE, N—1TEFRFE— TR S EXERAE
Z{FISEF~BZconnecteddy, IXHFRIIRNRBARIcut
vertices, LMY, F( IR RILAE X cut edges,



a d

9 —

g

- 9
b C e h

cut vertices: b, c, e
cut edges: {a, b}, {c,d}

— 1 E|GRYedge connectivity A(G)=—" edge cut§;2
HYER/ NG
e b HBeMicz 5, TeeEEENEE

connectedfd, X EER=edge connectivity,

b




Paths and Isomorphism

KE HkAIsimple circuitfYfFEEisomorphic
invariant, X8]LIFFI5EM N EAEisomorphichY,

filx

TNHEM T EEA ZisomorphicHY?
U 1 V 1

Ug U~ Ve Vs

5 gl e \/. V3
Va

H4
Asr2isomorphicfY, HE—KE I38Ysimple circuit,
Blvy, v, vg,v1, MGRBEIE H3HIsimple circuit,

{512




NEM Bl EisomorphicHY?
U~

—

G H
K 8fRZisomorphic invariants (40, TRs/BR9
2, BE, circuit) FZEMEERY, PFLAGHIHAIBER
isomorphicAY,

PAN
=

f(u1) = vs, f(us) = v, f(uz) = v1, fu2) = vs, fus) = v4
o FAIIRJLAUERR f@—isomorphism, FrLAGHIHZ

isomorphicHY,

£, AR5 — L isomorphic invariants:

» number of vertices (JRE=2AY 12X
 number of edges (IIAY5ZE])
* degree sequence (E#F7)

* existence of simple circuits of various lengths (1<

E AkRUsimple circuitfY/F1T)



Counting Paths between Vertices

Theorem: FRIRG2—"1E&l, ARGHJadjacency matrix,
=R R, v, - -+ Uno MuZllu,AUKE 9rAIAEIRY
pathA9 N, HAr2— PR, FT A7, ) VE
ENIER

Euler Paths and Circuits

5|\ : Ko nigsberg seven-bridge problem: § AEX1E&

en ] LMIGERIE MIE R, FEFBEHIG—IXM
AEE, ARlLEkes,

EN: — T EIGHRYEuler circuit2— M EGHF AL

AYsimple circuit, —EGHRYEuler path— 18

GFFrB1ZAYsimple path,

filx

T EABLLEEEuler circuit, [BfLE5Euler path?

a b a b a b
e e
o
d C d C c d e
G, e G,

G1: BEuler circuit, $¥a, e, c,d,e,b,a;



G2: BE;ZBEuler circuit, t123;%5Euler path;
G3: BEuler path, f#4la,c,d,e,b,d, a,b

B2
T EBFLEB Euler circuit, LS Euler path?
a b
a b
Yy A f C
— > o
d c
e d
H, H, H

Hi: BL;%BEuler circuit, t8;%HEuler path;
H2: GEuler circuit, #¥a, g,c,b, g, e, d,f, a;
H3: SEuler path, #¥lc,a,b,c,d,b

Necessary Conditions for Euler Circuits
and Paths

o Euler Circuit: PN TRRAYEHEL2(HEL

e Euler Path: [ TR N URAIERES 2L, EfPIs
HIEHERRBE, XEpathAYfe SR S 2XFE N
R3S G TU=]
XEBED TRV ESRYE, EARRBE




Lec 18 P41 BFANE

Hamilton Paths and Circuits

Euler path2& MAEBHR T —IX
Hamilton path @8 N IREIRET—IX

Necessary Conditions for Hamilton
Circuits and Paths

2B 2 ER A O] LAF R rfFEHamilton circuitd,
path,

(BE2HF—Lsufficient conditions:

e Dirac’s Theorem: i1IERGE— 1 EEE], |V]> 3,
FEGREINRENESHATET S, BAGE

—Hamilton circuit,

e Ore’s Theorem: IRGE—EEE], |V]| >3, F
BXFEHANEER BB R w0y, wFlvAY
EE < EATET|V|, BFAGE—""Hamilton
circuit,

5% WEAB K, SHamilton circuit

Hamilton path|aJ@UENP-completez-fY
B
EX%_LF& jJ":_'.I I
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Planar Graphs

Definition: A graph is called planar if it can be drawn in
the plane without any edges crossing. Such a drawing
is called a planar representation of the graph.

EX . MR—TERLIEFE LB TR, mEIRBEHE
32, BRAIXERZplanarfy, XEFRIEERIRAIXTE

AYplanar representation,

-+ KiEplanarfylsg?

KT &4 planar representation, BJ LTI 5SE—
FEZOT, KIS BRI FRRE— M

Euler's Formula



— 1 ElfYUplanar representationiB - E 3Ry 7 —L X
I, SE—1TRXE,

)
/\ O

Theorem (Euler’s Formula): {12 G2— 1 >connectedfy
planar simple graph, eZIARYFEEL, vEINRHITEL,
=GHIplanar representation I XIFAI 2L, BEA,

r=e—v-+2,

=

The Degree of Regions

EM . —regionfAJdegreeZIgiX regionAYIOAYSE
. I TMRMLR EEIRRARE, EXJdegreery
TIHAE 2,

XENEIFEHR, FlIREH B

#l1:  #[Euler's Formula]] PVE| (Rl LEABTE]) |
degree of region 1= 73

degree of region 2 =3

degree of region 3 =3

degree of region 4 = 3



degree of region 5 =73

degree of region 6 = 7
flz: EFEBIDVRIERE, BIE MR

b
ae = ®

® &
d e

degree of region I = 4
degree of region 2 = 6 (XEbct1TE T MIX)

ANERG2—">connectedfYplanar simple graph, e

952N, vl 2, v > 3, BiAe < 3v—6,
Proof:

2e = Z deg(v)

veV
> 3r
=3(e —v+2)

Hence,e < 3v — 6.



Corollary 2

ANERGZE—"connectedfYplanar simple graph, HIAG
B— 1 TRRAEHABIIS,

Proof (by contradiction):

MRGE—1TEANR, BPAZZIC TR,
WRCGEDVPBE=1T=, BBAHCorollary1, e <3v—6
o MRCPENTNRHIEZEBA TS, BBAB

2e = Y .y deg(v) > 6v, Fille > 3v, 1X5e < 3v — 6
&,

Corollary 3

AR G2—" connectedfYplanar simple graph, eE12
AUREL, vEI=TE, v > 3, FHGTRBIRE 3
AYcircuit, AfALe < 2v — 4,

Graph Coloring

Four-color theorem

Four-color theorem: 2587 — 1K mE, IBEDE—L%E
VX, FE— P UMmaplVER, &2 HEZPIH
PnEERiEmap P HIXIEZE, FEEER I TEBPRIXIE
HIEREATE,

Chromatic number



B RIEREFNINRRE, FEESIIN=EEA
|, PrErIR/DENEEL,

tR¥EFour-color theorem, FHERIEZAEIT 4,
105 x(G)FZEIGHIEEL,

K,NEE=En,

K NEELZ 2,

C.HIBEHZ2 (Bn2BEAIHE) TkE3 (BnEFTE
AORT®) .

TENX . —treeE2—"connectedfI OB, ©i%
simple circuit,

Theorem: — P AHEE—"tree, ZENIBHIER
MR Z [BJERE E—HYsimple path,

TEN. . —rooted treesge—"tree, EF—"TN=#i5
TEroot, FEERIDELEMrootigmEMINSAY,

AT L BTG EE— TR E Aroot, 3EB—
unrooted treeZr—rooted tree,

f£—Prooted treed, BV EEILIERE, K 9roothy
EERRTE 1LY ),

EX . TiRvlIparent@EE—HIIRY, F5uzlvE—



ZAaMia,

HuzvlYparentBIBHE, vfEFRIulIchild,

BiaE parent U= TR Isiblings,
I=vAJancestors; 238 MrootZvAIERIE ERYTSR, AE
fhv, BiEroot,

JimviYdescendants 23gvAYHSE,

— rooted treefYINREFR leaf, YNREIZAchild,
B childfYTR = #EF R Sginternal vertices,
LlaArootAYsubtreetifiafladYdescendants, LINFE
5iX%descendantsELAYIA,

m-ary Trees

TENX . YR —"rooted treefJE " internal vertex&f G A~
E1dm T children, HFAIX | rooted treefFRAm-ary
tree, WIEREPinternal vertexi8Bm~ | children, BIBA
X rooted treetF R Afull m-ary tree, 455, QN
m =2, HIAX | rooted treeffFR Abinary tree,

Counting Vertices in a Full m-Ary Trees

Theorem: — ] En P IU=AYtreeEn — 155924,
Theorem: — B¢ internal verticesfYfull m-ary tree
Bn =mi + 17T,

Theorem: —"En TR AYfull m-ary treeFi = 2+

internal verticesF[]l = (m—2n+1 “Meaves,

Theorem: — B¢ internal verticesfYfull m-ary tree



Bn =mi+ 1 PI=F = (m — 1)i + 17 leaves,
Theorem: — MBI eavesHIfull m-ary treefgn = 2=

m—1
NE=F0E = =L “internal vertices,

Level and Height

EN . —rooted treeF ] R vAYlevel 215 MrootElvAY
HE—HYpathAYKE,

— rooted treefYheight, 28 BV = AYlevel AU A
{E,

Balanced m-ary Trees: — & E IhHIrooted m-ary
treeEbalancedly, WNSRFFEHleavesi[i{tlevel hay,
h—1,

Theorem: —"&E IhfUrooted m-ary treegg ZH5m" >
leaves,

Corollary: i1ER— P& E JhAIrooted m-ary tree 511
leaves, AFAhR > [log,,l], WNSRIX T m-ary tree;2full[]
balancedfy, BEFAR = [log, 1],



