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ECE 313

Homework 7 Solution

X

1 X
Problem 1- X ~ EXP(1/120) => f(x) = {Ee 120 x>0
0 otherwise

FX(x):{l—e_ﬁ x=20 |
0 otherwise
Then N is Poisson distributed with parameter 1/120t:
1 \k
1 =t
P(N, = k) = e‘mf% k=012, ..

a) Waiting until the second quantum, means that the job would wait at least for a quantum
of 100ms:

100

5
P(X =100) =1 —P(X < 100) = 1 — F,(100) = 1 — (1 - e‘m) — e7¢ = 0.435

b) Probability of a given job to finish in a quantum of 100ms = P(X < 100) = Fx(100)
So from 800 jobs, 800* P(X < 100) = 452 jobs are expected to finish within the first
quantum.

c) Probability of a given job to finish in a quantum of 100ms is equal to the probability of
no jobs arriving in an interval of 100ms: :
P(X <100) =1—-P(X > 100) = P(N1po = 0)

(A,
_ e-m(m)% — 7120 = 0.435

Problem 2 — Let the lifetime of the memory chips produced by the factory be X, which
is exponentially distributed with parameter A = 0.1(years)—1. The CDF of X is:

1—e 0¥ x>0
F, = =
(%) { 0 otherwise
So the probability of the memory chip to last for at least 8 years given that it lasted for 5

> —-0.8
yearsis: P(X > 5+ 3|X > 5) = P(XZ;(;:Z;(‘S) — 5(()’:;8)) _ Z_O'S _ ,—03

The shorter answer would be: By the memory-less property of the exponential
distribution, the memory chip after five years is as good as new. So the probability that it
lasts at least three more years is equal to: P(X = 3) = e~ %3,

Problem 3 —
a) EX) = X8np(n) =0x0.1841x0.28+ -+ 6 x 0.01 = 1.82
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b) E(X?) = ¥$n*p(n) =0x0.18+ 1 X 0.28 + - + 36 X 0.01 = 5.22
Var(X) = E(X?) — E(X)? = 5.22 — 1.822 = 1.9076

Problem 4 —
a) P(N,=k) = (ZkL')ke_2t
b) f(t) = 2e72

k
c) The pmf of N for a fixed period of 10 minutes is: P(N;, = k) = %e—zo, so the

expected number of students in 10 minutes would be At =2x10 = 20.

2 students 10 minutes __ 20 students

In other words, _ : = :
1 minute 10 minutes 10 minutes

d) Given that the time to arrival T (number of minutes until arrival) is exponentially
distributed with rate A, we know the expected value of T would be E[T] = 1/A.
Therefore, the expected number of minutes until the first arrival is /2 = 0.5.

Problem 5 —

E[X] = fooxf(x)dx

=f3x05(x—1)dx=J305(x2—x)dx=x—3—x—2]3=(Z—2>—(l —1)
ke e 6 4|1 \e6 4/ \6 1
== =233

E[X?] = fooxzf(x)dx

—00

3 3
=f x? 0.5(x—1)dx=f (x3/2—x2/2)dx=x——x—
1 1

Var[X] = E[X?] — E[X]? = 5.67 — 2.332 = 0.24

Problem 6 —

a) To find the pdf of a function of a random variable, we first start by finding the CDF:
Fy,(v) = P{Y < v} =P{-InX < v}

1
=P{X2e‘”}=f dx=1—¢e77
e—'U

Then to find the pdf, simply differentiate w.r.t v (for v > 0):

v>0

B d v _ (e7V:
fr(v) = E(l —e) =) = { 0: otherwise

b) ElY]=[" yfdy=["yeVdy = —ye”

o fed =
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c) E[Y]=E[-InX] = f_oooo —Inxf(x)dx = fol —Inx. 1dx = (—xlnx + x) (1) =1



